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Abstract

The purpose of this paper is to suggest a criterion for the optimal placement of collocated

piezoelectric actuator–sensor pairs on a thin flexible plate using modal and spatial controll-

ability measures. Consideration is given to the reduction of control spillover effect by adding an

extra spatial controllability constraint in the optimization procedure. The spatial controllability

is used to find the optimal placement of collocated actuator–sensor pairs for effective average

vibration reduction over the entire structure, while maintaining modal controllability and

observability of selected vibration modes. It is found that the methodology for optimal actuator

placement can be used for a collocated system without damaging the observability performance

of the collocated sensors. Experimental validation of our optimal placement is done on a simply

supported thin plate with a collocated piezoelectric actuator–sensor pair.

� 2002 Published by Elsevier Science Ltd.
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1. Introduction

The development of smart structures technology in recent years has provided
numerous opportunities for vibration control applications. The use of piezoelectric
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ceramics or films has shown great promise in the development of this technology [1–
6]. The ability of these materials to convert mechanical strains into electrical voltage
and vice versa allows them to be used as actuators and sensors once placed on
flexible structures. The use of piezoelectric material as actuators in vibration control
is also beneficial because these actuators only excite the elastic modes of the struc-
tures without exciting the rigid body modes. This is important since very often only
elastic motions of the structures need to be controlled.

The continuous nature of structures allows one to choose where the piezoelectric
patches are to be placed. Therefore, it is natural to ask where the actuators and
sensors should be placed on a structure so that the performance of the composite
structure is optimized. One can find locations on a structure where the controllability
and observability measures of important modes are maximized. However, placing an
actuator/sensor in a location where the controllability/observability of one mode is
high does not necessarily imply high controllability/observability of other modes.
This difficulty leads to the requirement for measuring the performance contribution
of each mode to the overall performance of the system. The notion of spatial con-
trollability is found to be useful for dealing with the above problem. Our work is
based on the notion of spatial H2 norm [7], which describes the spatial structural
vibration response in an average sense.

Given the importance of optimal placement, a number of researchers have ad-
dressed this issue in the past. For example, [8] addresses the problem of actuator and
sensor placement using their notion of modal controllability and observability. Also,
[9] attempts to find the optimal placement for piezoelectric actuators by determining
the location of high average strain on structures. Authors of [10] find the placement
for collocated piezoelectric actuator–sensor pairs on an all-clamped thin plate by
determining the location of high position sensitivity of each mode.

A number of other researchers (see, for example [11,12] and references therein) use
the optimization of quadratic performance indexes to find optimal location for pi-
ezoelectric actuators and sensors for effective structural vibration suppression. These
performance indexes are dependent on the choice of controllers. Therefore, while the
final positions of the actuators and sensors may be optimal for one particular control
law, it may not be a suitable choice for other compensators.

Here, we consider the optimization of the spatial controllability measure, which is
defined based on the notion of spatial H2 norm. We use the spatial controllability
measure to find the optimal placement of collocated actuator–sensor pairs for effective
average vibration reduction over the entire structure, while maintaining modal
controllability and observability of selected modes above a certain level.

In [1], the spatial and modal controllability measures were used for finding the
optimal placement of piezoelectric actuators on a piezoelectric laminate beam. This
paper is aimed at extending the methodology proposed in [1] to allow for simulta-
neous placement of piezoelectric sensors and actuators on more general flexible
structures. We will show that the method used in [1] can be extended and used
for optimal placement of the collocated sensor without degrading the modal
observability of the system. The previous method is also extended to reduce the
control spillover effects by adding an extra constraint of spatial controllability in the
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optimization process. The developed methodology is used to determine the optimal
placement of a collocated piezoelectric actuator–sensor pair on a thin flat plate with
simply supported boundary conditions.

This paper is organized as follows: Section 2 briefly discusses the modelling of a
piezoelectric laminate plate. Section 3 describes the notion of spatial H2 norm and
the use of spatial and modal controllability measures to find the optimal placement
of piezoelectric actuators on the plate. The methodology is extended to allow for the
reduction of control spillover effects. Section 4 shows that the developed optimiza-
tion procedure for actuator placement can be used without degrading the modal
observability of its collocated piezoelectric sensor. Section 5 presents a numerical
example of the application of the optimization procedure for a thin plate with simply
supported boundary conditions. Section 6 discusses the experimental validation of
our optimal placement on a simply supported plate. Section 7 gives overall con-
clusions of the paper.

2. Dynamics of a piezoelectric laminate plate

Consider a thin plate with dimensions of Lx � Ly � h as shown in Fig. 1. Suppose
that I piezoelectric actuators, each of dimensions Lpx � Lpy � hp, are placed on the
surface of the plate. We denote the plate transverse deflection at point ðx; yÞ and at
time t by wðx; y; tÞ. It can be shown using similar approaches as in [13–15] that the
PDE that governs the dynamics of the thin plate is as follows:

Dr4wðx; y; tÞ þ q €ww ¼ o2Mpx

ox2
þ o2Mpy

oy2
; ð1Þ

Fig. 1. A thin plate with a piezoelectric patch attached.
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where

r4wðx; y; tÞ ¼ o4w
ox4

þ 2
o4w

ox2oy2
þ o4w

oy4
ð2Þ

and D is the flexural rigidity or the bending stiffness of the plate as described in
[13,14],

D ¼ Eh3

12ð1� m2Þ : ð3Þ

Here q represents the mass per unit area of the plate, while E and m are Young’s
Modulus and Poisson’s ratio of the plate, respectively. The right-hand side term of
the PDE represents the forcing function produced by the piezoelectric actuators. In
this case, Mpx and Mpy are defined as the moments per unit length along X and Y
directions, respectively.

In this paper, we validate our optimal placement experimentally on a thin plate
model in the laboratory. Our apparatus consists of a uniform thin aluminium plate
with simply supported boundary conditions. Square piezoceramic patches are used
as an actuator and a sensor. The thickness ratio of the piezoceramic patches to the
plate thickness is only 4:8% so the assumption of uniform plate properties can be
justified.

A modal analysis approach can be used to obtain the solution of the partial
differential equation (1) for uniform thin plates. The solution is assumed to be,
wðx; y; tÞ ¼

P1
m¼1

P1
n¼1 Wmnðx; yÞqmnðtÞ, where qmn and Wmn are the generalized coor-

dinate and the eigenfunction, respectively. This PDE can be solved independently
for each mode by using the orthogonality properties of its eigenfunctions WmnZ Ly

0

Z Lx

0

WmnWpq dxdy ¼ dmpdnq; ð4Þ

Z Ly

0

Z Lx

0

D
q
r4WmnWpq dxdy ¼ x2

mndmpdnq; ð5Þ

where xmn is the resonant frequency, while dmp and dnq are Kronecker’s delta func-
tions, that is, dmp ¼ 0 for all m 6¼ p, and equals 1 if m ¼ p. Similarly, dnq ¼ 0 for all
n 6¼ q, and dnq ¼ 1 if n ¼ q. The mode numbers in the directions of X and Y are
represented by m and n.

From the modal analysis solution, the transfer function from the actuator volt-
ages, VaðsÞ ¼ ½Va1 � � � VaI �T, to the plate deflection wðx; y; sÞ can be written as

Gðs; x; yÞ ¼
X1
m¼1

X1
n¼1

Wmnðx; yÞ �WWT
mn

s2 þ 2fmnxmnsþ x2
mn

; ð6Þ

where ðx; yÞ 2 R, R ¼ fðx; yÞ j06 x6 Lx; 06 y6 Lyg and fmn is the damping ratio
associated with the mode ðm; nÞ. Furthermore, �WWmn ¼ ½Wmn1 � � �WmnI �T depends on the
properties of the piezoelectric laminate plate, the locations of piezoelectric patches
on the plate and the eigenfunctions Wmn.
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3. Spatial H2 norm, spatial controllability and modal controllability measures

3.1. Spatial H2 norm

Consider a thin plate with I piezoelectric actuators, whose transfer function is
given in (6). The above transfer function Gðs; x; yÞ describes the response of the plate
at a particular point ðx; yÞ on its surface. The H2 norm of the transfer function can
be used to obtain the response characteristics at the point ðx; yÞ. However, the H2

norm of the transfer function does not give any information on the responses of
other parts of the structure, because it only considers the response at a specific lo-
cation on the plate [1,7]. For example, the H2 norm of transfer function G at point
ðx1; y1Þ on the plate is kGk22 ¼ ð1=2pÞ

R1
�1 tracefGðjx; x1; y1Þ � Gðjx; x1; y1Þgdx. We

may obtain information on more points on the structure by calculating theH2 norm
of a system with multiple outputs. However, the size of the system becomes in-
creasingly large and still only a limited number of points can be considered.

To overcome the difficulty in obtaining the response characteristics of the entire
structure, the notion of spatialH2 norm was introduced in [1,7]. If ĜGðs; rÞ is a spatial
and temporal system where r 2 R and R is a set of all points on the structure, then
the spatial H2 norm of ĜG is defined as

hhĜGii22 ¼
1

2p

Z 1

�1

Z
R

tracefĜGðjx; rÞ � ĜGðjx; rÞgdrdx: ð7Þ

Consequently, the spatial H2 norm of the transfer function Gðs; x; yÞ in (6) can
be calculated as follows, taking advantage of the orthonormality property of the
eigenfunctions, Wmn in (4) [1,7],

hhGii22 ¼
1

2p

Z 1

�1

Z Lx

0

Z Ly

0

tracefGðjx; x; yÞ � Gðjx; x; yÞgdy dxdx ð8Þ

¼
X1
m¼1

X1
n¼1

keGGmnk22; ð9Þ

where

eGGmn ¼
�WWT

mn

s2 þ 2fmnxmns þ x2
mn

: ð10Þ

The orthonormality properties of the eigenfunctions allow us to simplify the cal-
culation since there is no coupling between modes. By taking an integration over the
structure (in this case, the plate area), the spatial H2 norm contains information on
the responses of all points on the structure. Further, the above result (9) can be used
to gain an insight into measuring the performance contribution of each mode to the
overall performance of the system.

It should be noted that the above result is different from the additive property of
modal norms in [16]. Here, the result in (9) is exact while the property in [16] is an
approximation. Also, our result is averaged spatially while the property in [16] is not
based on a spatial averaging on the system.
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For the more general case of non-uniform plate structures, the spatialH2 norm of
the transfer function Gðs; x; yÞ can be calculated using numerical methods such as the
finite element method.

3.2. Spatial controllability and modal controllability measures

In this section, an optimization methodology for optimal placement of a set of
collocated actuator–sensor pairs is developed. In practice, it may be easier to find the
optimal placement for individual collocated actuator–sensor pairs even if more than
one collocated actuator–sensor pairs are to be placed on the plate. The reason is that
it may be more difficult to set geometric constraints that prevent patches from over-
lapping each other during the optimization process. This difficulty arises especially if
many sets of piezoelectric patches with different sizes and properties are used.

The concepts of spatial controllability and modal controllability can be derived
from the concept of the spatial H2 norm discussed in the previous section. Con-
sidering the square of the spatial H2 norm of the flexible plate in (9), it can be seen
that the contribution of each mode ðm; nÞ is k ~GGmnk22. Suppose we intend to find the
optimal placement for the ith collocated actuator–sensor pair. Then the contribution
of mode ðm; nÞ due to the ith actuator is k ~GGmnik22 where Gmni ¼ Wmni=ðs2 þ 2fmnxmns þ
x2

mnÞ and Wmni is described in (6). Assuming that one corner of the ith piezoelectric
actuator patch with a fixed size is located at x1i and y1i, a function fmni can be defined
as

fmniðx1i; y1iÞ ¼ keGGmnik2: ð11Þ
The modal controllability is defined as in [1]

Mmnðx1i; y1iÞ ¼
fmniðx1i; y1iÞ

amni
� 100%; ð12Þ

where amni ¼ maxðx1i;y1iÞ2R1
fmniðx1i; y1iÞ and R1 � R. For the case of a thin plate of

dimensions Lx and Ly with an Lpx � Lpy piezoelectric actuator, R1 ¼ fðx; yÞ j06 x6
Lx � Lpx; 06 y6 Ly � Lpyg and R ¼ fðx; yÞ j06 x6 Lx; 06 y6 Lyg.

Very often, a number of low-frequency modes of flexible structures are to be
controlled. Recognizing that the spatial H2 norm in (9) consists of the contribution
of an infinite number of modes, it is natural, in practice, to consider only the lowest
frequency modes that are of importance. If only the J lowest frequency modes are
taken into account, the spatial controllability can be defined as follows:

Sðx1i; y1iÞ ¼
1

bi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXJ

j¼1
f 2
mjnjiðx1i; y1iÞ

vuut � 100%; ð13Þ

where bi ¼ maxðx1i ;y1iÞ2R1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPJ
j¼1 f

2
mjnjiðx1i; y1iÞ

q
. Here, mj and nj correspond to mode

ðmj; njÞ, which is the jth lowest frequency mode.

Hence, the modal controllability is a measure of controller authority over each
mode, while the spatial controllability represents controller authority over the entire
structure in an average sense [1]. One can find the location for the actuator place-
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ment by maximizing the spatial controllability measure. By doing so, one can
maximize the controller authority over the entire structure.

However, it is also important to maintain a reasonable level of controller au-
thority over each mode, that is, the modal controllability. As a consequence, finding
the optimal placement of the actuator can be done by maximizing the spatial con-
trollability over several modes as well as introducing the minimum level for each
modal controllability as additional constraints. This way, a minimum level of modal
controllability for each mode is guaranteed too. Therefore, the maximization of the
spatial controllability measure will not result in poor modal controllability over
some modes [1]. The constrained optimization problem becomes

max
ðx1i;y1iÞ2R1

Sðx1i; y1iÞ

subject to Mmjnjðx1i; y1iÞP bj; j ¼ 1; 2; . . . ; J ; ð14Þ

where ðmj; njÞ is the mode corresponding to the jth lowest frequency mode, and bj is
the lowest allowable level for modal controllability of mode ðmj; njÞ.

3.3. Consideration of control spillover reduction

By solving the above-constrained optimization problem, the actuator location can
be chosen such that the spatial controllability of several lower frequency modes is
optimum within the constraints. However, because of the truncation of the model,
there is no guarantee that the higher-frequency modes will not contribute signifi-
cantly to the control spillover if a feedback controller is implemented on the system.
The spillover can reduce the performance and stability of the controller since the
controller will unintentionally excite higher-frequency modes [17]. Hence, more con-
trol effort may be needed to control the structural vibrations.

The spillover problem is not addressed in [1]. However, in this paper, we set an
extra constraint to guarantee a maximum level of spatial controllability for several
higher-frequency modes. By doing so, the spillover effect on the system performance
and stability can be reduced. Several higher-frequency modes can be chosen and the
spatial controllability for these modes, S2, is expressed as

S2ðx1i; y1iÞ ¼
1

b2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX�J

j¼Jþ1
f 2
mjnjiðx1i; y1iÞ

vuut � 100%; ð15Þ

where b2i ¼ maxðx1i;y1iÞ2R1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP�J
j¼Jþ1 f

2
mjnjiðx1i; y1iÞ

q
and �J corresponds to the highest

frequency mode that is considered for the control spillover reduction.
Therefore, the optimization problem becomes

max
ðx1i ;y1iÞ2R1

Sðx1i; y1iÞ

subject to Mmjnjðx1i; y1iÞP bj; j ¼ 1; 2; . . . ; J

S2ðx1i; y1iÞ6 c;

ð16Þ

where c is the upper allowable level for spatial controllability for spillover reduction.
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4. Optimal placement of collocated piezoelectric actuator–sensor pairs

To obtain measurement of the state of the system, sensors are needed to be in-
corporated. Piezoelectric patches can also be used for this purpose. This can be
achieved by collocating the actuator and the sensor at the same location on both
sides of the plate. This section will discuss the optimization methodology for col-
located systems. The notion of spatial controllability described in the previous sec-
tion can only be applied to the optimization of the actuator placement. One can also
ask whether this methodology can also be extended to the case of collocated actu-
ator–sensor pairs. The following section will discuss this issue, starting by obtaining
the sensor equation.

4.1. Piezoelectric sensor equation

When a piezoelectric sensor is strained, due to the plate deformations, it produces
an electric charge. By representing the piezoelectric sensor as a capacitor, the voltage
that is produced can be determined. This voltage is the sensor output voltage that
can be used by a feedback controller. The sensor output voltage of the ith piezo-
electric sensor, VsiðtÞ, as a function of the plate generalized coordinates, qmnðtÞ, can be
shown to be

VsiðtÞ ¼
k231
Cg31

hþ hp
2

� �X1
m¼1

X1
n¼1

Wmniðx1i; y1iÞqmnðtÞ; ð17Þ

where k31 and g31 are the electromechanical coupling factor and piezoelectric voltage
constant (in X and Y directions), respectively, and C is the sensor’s capacitance.

4.2. Effects of the optimized actuator placement on the sensor performance

It is clear from (6) that the modal contribution to the ith piezoelectric actuator is
proportional to Wmni. Consequently, the modal contribution for the actuator mo-
ment and the sensor output (17) are governed by the same spatial function Wmni.

For the ith collocated actuator–sensor pair, we attempt to optimize the sensor
placement on the plate by optimizing the modal sensor output described in the VsiðtÞ
expression (17)

Kmnðx1i; y1iÞ ¼
jkmniðx1i; y1iÞj

kmaxmni
� 100%; ð18Þ

where

kmni ¼
k231
Cg31

hþ hp
2

� �
Wmniðx1i; y1iÞ;

kmax
mni ¼ max

ðx1i;y1iÞ2R1

jkmniðx1i; y1iÞj:
ð19Þ

By optimizing the modal sensor output for the mode ðm; nÞ, the observability of this
mode is optimized as well. Hence, Kmn represents the modal observability of the
mode ðm; nÞ.
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Consider the modal controllability definition given in (12), where function fmni in
Eq. (11) for a single actuator is calculated as

fmniðx1i; y1iÞ ¼ keGGmnik2; ð20Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2p

Z 1

�1

1

�x2 þ j2fmnxmnx þ x2
mn

 2W2
mni dx

s
; ð21Þ

¼ kLmnk2jWmniðx1i; y1iÞj; ð22Þ

where Lmn ¼ 1=ðs2 þ 2fmnxmnsþ x2
mnÞ. It can be observed that the function Wmni is

proportional to kmni given in (19) and is a function of x1i and y1i. Lmn, however, is
independent of ðx1i; y1iÞ. Therefore, the modal controllability given in (12) can be
written as follows after consideration of (18), (19) and (22),

Mmnðx1i; y1iÞ ¼
kLmnk2jWmniðx1i; y1iÞj

kLmnk2Wmax
mni

� 100%; ð23Þ

¼ jkmniðx1i; y1iÞj
kmaxmni

� 100%; ð24Þ

¼ Kmnðx1i; y1iÞ; ð25Þ

where Wmax
mni ¼ maxðx1i;y1iÞ2R1

jWmniðx1i; y1iÞj. This signifies that the modal controllability
is similar to the modal observability of the system, which is contributed by the ith
collocated piezoelectric actuator–sensor pair. For example, the modal controllability
of 50% means 50% modal observability. The implication of this is that the usual
methodology for finding the optimal actuator location can be used without degrad-
ing the modal sensing performance of the sensor if the modal controllability of the
relevant mode is maintained at a reasonable level.

If the optimal placement is done individually for each set of collocated actuator–
sensor pairs, one can choose placements that do not overlap each other on the plate.
This can be done by trial-and-error in setting the pre-determined levels (percentages)
of the constraints as well as adjusting the initial guess for x1i and y1i in the optimi-
zation. In this case, it may be necessary to trade off some performance of the col-
located actuator–sensor pair.

5. Numerical example

An example of the application of the optimization process is discussed in this
section. All the plots in this section are generated by Matlab. A simply supported
thin plate with a piezoelectric actuator–sensor pair attached to it is used as the ex-
ample, i.e. i ¼ 1. Table 1 gives the properties of the plate and the piezoelectric ac-
tuator and sensor. A damping ratio fmn of 0.002 for each mode is considered to be
sufficient to represent the damping properties of a plate structure. Damping ratios
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from the experimental apparatus can also be used to get more accurate damping
properties.

The optimization procedure given in the previous section (16) is used. In this case
the five lowest frequency modes are used to calculate the objective function S. For
reduction of the control spillover, five higher-frequency modes are considered. Table
2 shows the frequencies of the relevant modes.

Fig. 2 shows the modal controllability of the first five modes of the plate as a
function of piezoelectric actuator location on the plate, i.e. the location of one corner
of the piezoelectric patch. For example, it is observed that the maximum modal
controllability of 100% for mode ð1; 1Þ happens when one of the corners of the ac-
tuator is placed at x11 ¼ 0:36 m and y11 ¼ 0:26 m. This location corresponds to
placing the actuator in the middle of the plate. The spatial controllability, S, plot is
shown in Fig. 3. It is observed that an actuator placed in the middle region of the

Table 2

Ten lowest natural frequencies of the plate

No. Mode ðm; nÞ Frequency (Hz)

1 ð1; 1Þ 41.9

2 ð2; 1Þ 87.1

3 ð1; 2Þ 122.4

4 ð3; 1Þ 162.4

5 ð2; 2Þ 167.6

6 ð3; 2Þ 242.9

7 ð1; 3Þ 256.5

8 ð4; 1Þ 267.9

9 ð2; 3Þ 301.7

10 ð4; 2Þ 348.3

Table 1

Properties of the piezoelectric laminate plate

Plate X-length, Lx 0.80 m

Plate Y-length, Ly 0.60 m

Plate thickness, h 0.004 m

Plate Young’s modulus, E 7:0� 1010 N=m2

Plate Poisson’s ratio, m 0.30

Plate density, q 11:0 kg=m2

Piezoceramic X-length, Lpx 0.0724 m

Piezoceramic Y-length, Lpy 0.0724 m

Piezoceramic thickness, hp 1:91� 10�4 m

Piezoceramic Young’s modulus, Ep 6:20� 1010 N=m2

Piezoceramic Poisson’s ratio, m 0.30

Charge constant, d31 �3:20� 10�10 m=V

Voltage constant, g31 �9:50� 10�3 Vm=N

Capacitance, C 4:50� 10�7 F

Electromechanical coupling factor, k31 0.44
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Fig. 2. Modal controllability – the five lowest frequency modes: (a) mode ð1; 1Þ; (b) mode ð2; 1Þ; (c) mode
ð1; 2Þ; (d) mode ð3; 1Þ; (e) mode ð2; 2Þ.
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plate has considerably high spatial controllability for this mode. Fig. 4 shows the
spatial controllability for the next five modes for control spillover reduction, S2.

The constrained optimization problem is set up as follows:

max
ðx11;y11Þ2R1

Sðx11; y11Þ

subject to Mmjnjðx11; y11ÞP 50%; j ¼ 1; 2; . . . ; 5

S2ðx11; y11Þ6 60%:

ð26Þ

The minimum level of modal controllability for the first five modes is thus set at 50%
for each mode, while the contributions to spatialH2 norm of the next five modes are
limited to 60%. The optimization problem is then solved using the Matlab Optimi-
zation Toolbox. The optimum solution is obtained at x11 ¼ 0:1536 m and y11 ¼
0:1418 m, where

Fig. 2 (continued )
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S ¼ 92:6%;

M11 ¼ 55:1%;

M21 ¼ 80:6%;

M12 ¼ 65:3%;

M31 ¼ 63:4%;

M22 ¼ 96:1%;

S2 ¼ 55:6%:

Therefore, the spatial controllability of the piezoelectric laminate plate obtained
from the optimization is over 90%, while maintaining the modal controllability of all
five modes above 50%. The spatial controllability of the next five higher modes, S2,
is also maintained at a level below 60%, which means that the contributions of these
modes to the control spillover will be relatively low. In general, the objective function
S has multiple local optimums. A range of initial guesses for x11 and y11 have been
tried to obtain the global optimum.

It should be noted that the determination of the allowable levels for modal
controllability and spatial controllability is not absolute. In this case, 50% seems to
give reasonable modal controllability. For reduction of control spillover, the upper
level of the spatial controllability S2 is relatively more difficult to choose. If the

Fig. 3. Spatial controllability – the five lowest frequency modes.

D. Halim, S.O. Reza Moheimani / Mechatronics 13 (2003) 27–47 39



upper level is set too high, it is possible that no optimal solution is obtained. The
more higher-frequency modes are included in S2, the less freedom one has in de-
termining the upper level of the constraint. The reason is that one can always choose
a location ðx11; y11Þ which reduces the modal controllability of one mode but in-
creases the modal controllability of the other mode. This situation will worsen if
more modes are included for the control spillover reduction. As a consequence, one
should consider using only a few dominant higher-frequency modes for determining
S2. It is not practical to consider too many higher-frequency modes.

A similar optimization procedure can be used to find the optimal position and size
of each collocated actuator–sensor pair on the plate to obtain optimal spatial con-
trollability, while maintaining sufficient modal controllabilities. In this case, four
optimization variables are needed, where two variables are for the position and the
other two are for the actuator–sensor size.

6. Experimental results

In this section, we discuss the construction of a plate with simply supported
boundary conditions and a collocated piezoelectric actuator–sensor pair. We will
compare experimental results of our plate with the simulation.

Fig. 4. Spatial controllability (spillover).
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The plate model that we used had simply supported boundary conditions. Simply
supported boundary conditions do not restrict rotational movements of the plate
edges but restrict transverse movements of the edges. We used aluminium shims to
mimic the simply supported boundary conditions. These shims were inserted along
the plate edges as shown in Fig. 5. The shims were clamped to the frame support that
was used to hold the plate in place. These shims allowed some rotational and
transverse movement of the plate edges due to the bending of the shims. We observed
that the transverse movements were small relative to the rotational movements of the
plate edges, thus the shims mimicked simply supported boundary conditions suffi-
ciently well.

The plate was made from an aluminium alloy, which was held by a support frame.
During the design, we needed to ensure that the dynamics of the frame support does
not interact with that of the plate, since it would affect the measurements. Obviously,
we could not make the frame support infinitely rigid to avoid any interaction with
the plate. Fortunately, we only needed to ensure that the dynamics of the frame
support would not interact significantly with the plate’s dynamics within the fre-
quency range that we were interested in. In this work, we dealt with the frequency
range up to about 350 Hz, which would cover the first 10 vibration modes based on
our plate model.

Thus, the frame was made to satisfy this rigidity requirement. Analytical and
finite element modelling using the STRAND7 software had been done to ensure
sufficient rigidity of the frame support. The plate and frame apparatus were placed
on an optical table. The purpose of this table was to minimize the external vibrations
affecting the experimental measurements. The experimental apparatus is shown in
Fig. 6.

The experiment was set at the Laboratory for Dynamics and Control of Smart
Structures at the University of Newcastle, Australia. A high voltage amplifier, ca-
pable of driving highly capacitive loads, was used to supply the necessary voltage for
the piezoelectric actuator. An HP89410A Dynamic Signal Analyser and a Polytec
PSV-300 Laser Doppler Scanning Vibrometer were used to obtain frequency re-
sponses from the piezoelectric laminate plate.

Fig. 5. Shims – boundary conditions.
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Table 3 shows the comparison of the six lowest resonant frequencies from the
simulation and experiment. It is observed that the differences between the simulation
and the experiment increase at higher-frequency modes. The errors of the model in
predicting the actual resonant frequencies vary around a few percent (see Table 3).

Fig. 6. Experimental apparatus.

Table 3

Six lowest natural frequencies of the plate

No. Mode ðm; nÞ Simulation: xmn (Hz) Experiment: xmn (Hz) Error (%)

1 ð1; 1Þ 41.9 41.8 0.2

2 ð2; 1Þ 87.1 85.9 1.4

3 ð1; 2Þ 122.4 121.1 1.1

4 ð3; 1Þ 162.4 159.2 2.0

5 ð2; 2Þ 167.6 164.3 2.0

6 ð3; 2Þ 242.9 234.5 3.6
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Fig. 7. Collocated actuator–sensor system response (voltage–voltage) [V/V]: (a) magnitude; (b) phase.
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Fig. 8. Mode shapes of the four lowest frequency modes: (a) mode ð1; 1Þ; (b) mode ð2; 1Þ; (c) mode ð1; 2Þ;
(d) mode ð3; 1Þ.
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Fig. 8 (continued )
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However, considering the experimental results, the model is sufficiently close to the
actual plate.

Fig. 7 shows the comparison of the frequency responses of the collocated actu-
ator–sensor system. The dashed line represents the simulation result, while the solid
line represents the experimental result. The resonant frequencies and damping ratios
from the experiment have been used to correct our model. The figure shows close
similarities in the frequency responses of the simulation and the experiment.

The effectiveness of the above optimization can be seen in the collocated actuator–
sensor frequency response in Fig. 7. The first five modes (from 41.8 to 164.3 Hz),
which have been optimized previously, show high responses as represented by rel-
atively high peaks at natural frequencies of these modes. In addition, the spatial
controllability contribution of the next five modes (from 234.5 to 327.2 Hz) has been
reduced to 55:6% to reduce the spillover effect. As a consequence, the next five modes
generally generate less responses compared to the responses of the first five modes.
Fig. 7 shows this condition clearly, as the resonant peaks of these modes are rela-
tively lower, with the exception of the sixth mode (at 234.5 Hz). Modes 8 (at 256.9
Hz) and 10 (at 327.2 Hz) are not obvious from the figure.

It can be observed that the sixth mode at 234.5 Hz has a comparable profile to
those of the first five modes. This is not surprising since the optimization process
only reduces the spatial controllability of the five higher-frequency modes, which
include the sixth mode. Therefore, the reduction of these modes is only done in an
average sense. One can also try to reduce the modal controllability of each of these
modes, but more constraints will obviously result in formulating the optimization
problem.

In general, the reduction of the average response of these five higher-frequency
modes will be important in reducing the spillover effect of the system. The controller
can be designed so that its response will roll off at higher frequencies. Thus, the
spillover effect can be reduced even further.

Fig. 8 shows the mode shapes of the first four vibration modes that are obtained
from the Laser Doppler Scanning Vibrometer. It can be observed that the mode
shapes are as expected from the model, where the plate has a sinusoidal form of
mode shapes, i.e. the plate has sinusoidal shapes in both X and Y directions. We can
observe some small transverse deflections around the edges due to the use of shims to
mimic the ideal simply supported boundary conditions. However, the edge trans-
verse deflections are relatively small and do not significantly affect the sinusoidal
mode shapes.

7. Conclusions

The notions of spatial controllability and modal controllability were used for
optimal placement of collocated piezoelectric actuator–sensor pairs on a thin flexible
plate. The optimization methodology allowed the placement of collocated actuator–
sensor pairs for effective average vibration reduction over the entire structure. We
added an additional spatial controllability constraint in the optimization procedure
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for the reduction of control spillover effect. It was shown that the developed
methodology could be used for a collocated actuator–sensor system. The modal
controllability of a collocated system was similar to the modal observability of the
system. In other words, as long as the modal controllability of the considered mode
was maintained at a reasonable level, the observability of this mode would not
degrade. From the experiments, our optimization methodology resulted in the
placement of a collocated piezoelectric actuator–sensor pair that gave sufficient
observability/controllability of selected modes. The optimization methodology can
also be used for more complicated flexible structures using other modelling tech-
niques such as finite element method.
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