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Shunt Controllers for Electromagnetically Actuated

Systems
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Abstract—Electromagnetic transducers have been used exten-
sively for active feedback control of mechanical vibration. In this
paper, to reduce vibration, we demonstrate a new technique where
an electrical impedance is connected to the terminals of an electro-
magnetic transducer. By measuring the coil terminal voltage and
applying a related current, or vice-versa, vibration in the mechan-
ical host system can be controlled. The task of impedance design
is cast as a standard multi-input–multi-output (MIMO) control
problem to facilitate synthesis by standard methods such as linear
quadratic regulator (LQR) or 2. Potential applications include:
vehicle suspension systems, vibration isolation platforms, and the
control of enclosed-sound fields. Active admittance or impedance
controllers require no external sensors. The presented techniques
are verified experimentally through the application to a single-de-
gree-of-freedom (DOF) system.

Index Terms—Active, damping, electromagnetic, noise control,
self-sensing, sensor-less, shunt, vibration.

I. INTRODUCTION

E LECTROMAGNETIC transducers [1]–[3] can be used as
actuators, sensors, or both. When a current is applied to

the terminals of an electromagnetic transducer, a force is ex-
erted, conversely, when a transducer experiences a velocity, an
open-circuit voltage is induced. Piezoelectric transducers [4] ex-
hibit similar electromechanical properties but are characterized
by a high-mechanical impedance. Electromagnetic transducers
are capable of significantly greater strokes, typically in the mil-
limeter range compared to the micrometer range.

Physically, electromagnetic devices are robust and can
be manufactured on all scales from microelectromechanical
systems (MEMS) devices, to large 100-kN electrodynamic
shakers. Such transducers have found application in the fields
of: car suspension systems [5], isolation platforms [6], [7],
acoustic speakers [8], magnetic levitation [9], [10], and mag-
netic bearings [11].

In analogy to the technique of piezoelectric self-sensing [12],
[13], a recent literature has also developed on the topic of elec-
tromagnetic self-sensing actuators [3], [9]–[11], [14]. This tech-
nique involves estimation of the system velocity from measure-
ments of the transducer current and voltage. An example of this
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technique can be found in [15], where the acoustic pressure of
an enclosed-sound field is estimated from the measured cur-
rent flowing through an actuating speaker coil. A feedback loop,
driving the speaker voltage, is constructed around the estimate
to minimize the acoustic response of the enclosure.

In this paper, we demonstrate the modeling, design, and
implementation of active impedance and admittance controllers
for electromagnetically actuated systems. By measuring the
coil terminal voltage and controlling the resultant current, or
vice-versa, effectively implementing some electrical impedance
or admittance, it is possible to gain control over a coupled me-
chanical system. After revealing the underlying feedback struc-
ture, the problem is cast as a standard multi-input–multi-output
(MIMO) control problem. The application of synthesis tech-
niques such as linear quadratic regulator (LQR) and is
straightforward. Using this technique, the need for external sen-
sors is eliminated, significantly reducing the cost, complexity,
and sensitivity to transducer failure that in many applications,
may preclude the use of an active control system.

Although, the focus is on control of a system similar to an iso-
lation column, the generality of the modeling and design frame-
work is intended to be extensible to a large class of mechanical
systems. Such applications include: MIMO vehicle suspension
systems [5], vibration isolation platforms [6], [7], inertial vibra-
tion controllers [16], and the control of enclosed-sound fields.
Active admittance or impedance controllers require no external
sensors, are capable of minimizing a prespecified performance
objective, and can also be used to estimate physical variables
dynamically related the system states such as velocity.

Experimentally, the presented techniques are verified through
their application to a single-degree-of-freedom (DOF) mechan-
ical system.

This paper is presented in five sections. In Section II, we begin
with the modeling of mechanical, electromagnetic, and com-
posite systems. We then present a method in Section III for the
design of active impedance and admittance controllers to mini-
mize a time domain (LQR) and frequency domain perfor-
mance objective. The presented techniques are then applied to
an experimental electromagnetic system in Section IV. Finally,
the paper is concluded in Section V.

II. MODELING

This section introduces a modeling technique for the design
and analysis of shunted electromechanical systems. Although

1063-6536/$20.00 © 2005 IEEE
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Fig. 1. Electromagnetic transducer. (a) Sensing. (b) Actuating.

the focus is on a single DOF system, the process is quite gen-
eral and can easily be extended to more complex mechanical
systems.

A. Electromagnetic System

When an electrical conductor moves in a magnetic field as
shown in Fig. 1(a), a voltage proportional to the velocity is
induced and appears across the terminals of the coil

(1)

Specifically

(2)

where is the magnetic flux (in Teslas), is the length of the
conductor (in meters), and is the velocity of the conductor rel-
ative to the magnetic field (in ms ). A permanent magnet is
usually the source of the magnetic field. In another configura-
tion, the coil is kept stationary and the magnet is made to move.

Assuming the coil is exposed to a field of constant flux density
and the relative displacement is small, (2) can be rewritten [2]
as

(3)

where denotes the force (in Newtons) acting on the coil car-
rying a current (in amps), and is the ideal electromechan-
ical coupling coefficient.

As shown in Fig. 1(b), when the coil is employed as a force
actuator, (3) relates the induced force to an applied current. Elec-
trodynamic shakers and acoustic speakers operate on this prin-
ciple.

As shown in Fig. 2, the coil can be modeled as the series
connection of an inductor , a resistor , and a dependent
voltage source [3]. When coupled to a mechanical system,
the induced electromotive-force (emf) and, hence, mechanical
velocity can be determined from the open-circuit coil terminal
voltage.

B. Mechanical System

The general model of a mechanical system is shown in Fig. 3.
In addition to various application specific inputs and outputs, to
couple an electromagnetic transducer, the model requires a force

Fig. 2. (a) Mechanical and (b) electrically equivalent model of an
electromagnetic transducer.

Fig. 3. General mechanical plant model.

Fig. 4.(a) Mass-spring-damper system. (b) Coupled to two electromagnetic
coils.

input and a velocity output . In a typical scenario, the model
would also describe the influence of a specific disturbance input

.
In many cases where vibration becomes an issue, the mechan-

ical structure can be modeled as a simple mass-spring-damper
system as shown in Fig. 4(a). Examples include, but are not lim-
ited to: isolation columns, magnetic bearings, and suspension
systems.
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Fig. 5. Mechanical plant P with a current disturbance I , and command input
F .

The equation of motion for a forced 1-DOF system is

(4)

where is the applied force, is the equivalent mass (in
kg), is the spring constant (in N/m), is the damping con-
stant (in Ns/m), and , , and are the acceleration,
velocity, and displacement, respectively. The dimensionless rep-
resentation of (4) is

(5)

where is the natural frequency of the system and is the
damping ratio. Note that , and

. In the Laplace domain, the transfer function
from an applied force to the resulting velocity is

(6)

In later sections, the following minimal state–space model for
will also be required:

(7)

Consider Fig. 4(b), where a single DOF system is coupled to
two electromagnetic coils. Coil 1 is used to introduce a force dis-
turbance, and coil 2, to control the resulting vibration. The cor-
responding mechanical plant model is shown in Fig. 5. The
general constants through represent the various electro-
mechanical coupling constants as defined in (8). The constants
are defined individually as the two coils will neither be per-
fectly matched nor have exactly identical force-current or ve-
locity-voltage ratios. By definition

(8)

Using the constants defined in (8), the electromagnetic system
associated with coil 2 is shown in Fig. 6(a) and (b) for both

combinations of voltage and current drive, respectively.

C. Shunted Composite Electromechanical System

A mechanical system coupled to a shunted electro-
magnetic transducer as shown in Fig. 4(b) is now considered. In

Fig. 6. Block diagram representation of a (a) voltage driven and (b) current
driven electromagnetic actuator.

this case, where coil 1 is used to introduce a force disturbance
, coil 2, the shunted coil, is used to reduce the resulting vi-

bration.
Within the modeling framework introduced in the previous

two subsections, i.e., by treating the mechanical plant and
shunted electromagnetic coil as shown in Figs. 5 and 6, it is a
simple and intuitive task to construct the composite system. For
both the current and voltage driven coil models, the intercon-
nection of each electromagnetic system with the mechanical
plant model is shown in Figs. 7(a) and 8(a).

In Fig. 7(a) the admittance , interpreted simply as the
transfer function relating the coil terminal voltage to current,
appears like a feedback controller for the electromechanical
system. By concatenating the mechanical and electromagnetic
systems, and , as shown in Fig. 7(b), the composite system
is cast as a typical regulation problem for the abstracted system

. It is easily shown that the closed-loop transfer function from
an applied disturbance current to the resulting plunger
velocity is

(9)

where , the equivalent velocity feedback controller is

(10)

Similarly, in Fig. 8(a) the impedance , interpreted
simply as a transfer function relating the coil terminal current
to voltage, appears like a feedback controller for the electro-
mechanical system. By concatenating the mechanical and
electromagnetic systems, and , as shown in Fig. 8(b), the
composite system is cast as a typical regulation problem for
the abstracted system . In this case, the equivalent velocity
feedback controller is

(11)
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Fig. 7. (a) Shunt admittance controlled electromechanical system. (b) In
generalized plant/controller form.

III. CONTROL DESIGN

As shown in Figs. 7 and 8, and in (9), an impedance or ad-
mittance can be viewed as parameterizing an equivalent velocity
feedback controller for the mechanical system . The fol-
lowing subsections introduce a number of techniques for the
synthesis of active impedance and admittance controllers de-
signed to minimize structural vibration.

A. Passive Shunt Circuits

Alike the piezoelectric analogy, a resonant shunt circuit can
be used to compensate for the inductive source impedance over
a small frequency band. In [17], the circuit shown in Fig. 9 was
shown to significantly attenuate a lightly damped mechanical
system. The circuit requires a negative resistance to cancel the
natural resistance of the coil. Similar impedance controllers can
be found in [18].

Resonant shunt circuits provide a fixed performance objec-
tive, they introduce additional dynamics that attenuate a highly
resonant structural mode. Consider three typical electromag-
netic applications: isolation support [6], [7], inertial vibration
control [16], and acoustic noise control. These systems are
likely to contain a naturally high degree of damping, resonant

Fig. 8. (a) Shunt impedance controlled electromechanical system. (b) In
generalized plant/controller form.

Fig. 9. Resonant shunt circuit for electromagnetic transducers.

shunt circuits provide little additional performance in such
cases. The exception is an isolation platform where the system
may be lightly damped in order to achieve a faster local rolloff
after the resonance. As another consideration, the outcome of
resonant shunt circuits, to introduce additional damping and
reduce the relative plunger velocity, may not be desirable.
In both inertial vibration control and isolation columns, the
opposite is desired, a lightly damped resonance is required to
counteract the structural vibration of the system. It may actually
be necessary to reduce the system damping. For these reasons,
the only techniques discussed in detail, are those capable of
minimizing an arbitrary performance objective, one that can be
applied in any situation.
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B. Ideal Negative-Inductor Controller

By substituting the equivalent impedance parameterized
feedback controller (11) into the closed-loop transfer function
(9), we obtain

(12)

Observe that the numerator is affine in the transfer function
. Thus, by equating to zero, the closed-

loop transfer function can be reduced to zero. In
other words, by choosing

(13)

or

(14)

any introduced disturbance will have little or no effect on the
mechanical system. A similar result exists for piezoelectric
transducers [19].

As is the case for piezoelectric transducers, and as one might
expect, such a “miracle” controller has limited practical use.
By implementing (13) or (14) the equivalent velocity feedback
controller is simply a proportional controller of infinite gain.
Besides the magnitude of control energy required, the stability
and performance is extremely sensitive to small changes in the
transducer dynamics.

In practice, by tuning the magnitudes of the negative inductor
and resistor, the control effort can be toned down. Due to the
ad hoc nature of this approach, it is difficult to accurately ma-
nipulate the tradeoff between control effort and damping per-
formance. For example, using a negative inductor-resistor con-
troller, it is impossible to distribute, concentrate, or mitigate the
control energy associated with individual structural modes. Nei-
ther is it possible to minimize a specific performance function
not proportionally related to the plunger velocity. In cases where
the goal is not simply to reduce the magnitude of plunger ve-
locity, such as in acoustic, isolation, and suspension systems,
the negative inductor controller is of little use.

In spite of the associated problems, this technique warrants
mention due to its inherent simplicity and utility in gaining an
intuitive understanding of the abstract controllers generated
from an automated synthesis process such as LQR.

C. Impedance Synthesis

Referring to Fig. 8, the shunted electromechanical system can
be regarded as a typical feedback control system where a distur-
bance results in a vibration characterized by the velocity .

In order to apply standard synthesis techniques such as LQR,
we require a minimal state–space model representing the com-
posite system. By defining the following state–space model for
the coil admittance :

(15)

where, , , and , the
following state–space model is easily derived for the composite
system :

(16)

where

(17)

and

(18)
Our design objective is to minimize the velocity while re-

straining the magnitude of the control signal . In a linear
quadratic sense, the objective is to minimize

(19)

where is the control signal weighting. Restated, in the stan-
dard LQR context

(20)

the corresponding and matrices are
, and .

We can also consider the control objective where we seek
to minimize, in the sense, the weighted sum of velocity and
the control signal in response to a specific disturbance , i.e.,
we seek to minimize

(21)

This specification is easily cast as a standard problem by
considering the modified plant shown in Fig. 10. Minimizing
(19) is now equivalent to minimizing

(22)

where the modified plant model is that of (16) with a nonzero
matrix

(23)

D. Admittance Synthesis

Referring to Fig. 7, the shunted electromechanical system can
be regarded as a typical feedback control system where a distur-
bance results in a vibration characterized by the velocity .
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Fig. 10. Modified plant model required forH impedance synthesis.

Fig. 11. (a) Unity gain current amplifier. (b) Unity gain current fluxion
amplifier. (c) Current fluxion amplifier with internal dynamics.

Due to the improper transfer function from the applied cur-
rent to the voltage , we cannot directly apply, as in Sec-
tion III-C, the standard state–space design methodologies. To
overcome this difficulty, we introduce the notion of a current
fluxion amplifier.

As opposed to a regular current amplifier that drives an output
current proportional to the applied reference signal, a current
fluxion amplifier, as its name suggests, drives a current-rate-of-
change proportional to the applied reference signal. Fig. 11(a)
and (b), compare the operation of a current and current fluxion
amplifier. Where the current amplifier in Fig. 11(a) has a gain
of 1 A/V, the current fluxion amplifier in Fig. 11(b) has a gain
of 1 . Such an amplifier, when connected to an elec-
tromagnetic coil, can also be viewed as a self-induced-voltage
amplifier, the voltage drop across the transducer’s self induc-
tance is proportional to the derivative of current.

In practice, to avoid the large low-frequency gains associ-
ated with integration, the current fluxion amplifier is best imple-
mented by controlling the voltage across a sensing inductance

and resistance . In this case, the current fluxion amplifier
includes some internal dynamics as shown in Fig. 11(c). The
resistance results in a limited gain at low frequencies. More de-
tails on the practical implementation of a current fluxion ampli-
fier can be found in Section IV-B.

When dealing with a current fluxion driven transducer, the
modified composite system is as shown in Fig. 12(a). By con-
catenating the transfer functions of coil impedance and ampli-
fier dynamics, the resulting generalized plant model as shown
in Fig. 12(b), is proper.

Fig. 12. (a) Electromechanical system including the dynamics of a current
fluxion amplifier. (b) In generalized plant/controller form.

Inadvertently, by solving the problem associated with the im-
proper coil impedance, we have also achieved a better condi-
tioning of the transfer function from the command input to .
The dynamic range of this response was previously dominated
by the coil impedance, but when driving the coil with current
fluxion rather than current, the dynamic range is almost solely
dependent on the mechanical response. As will become clearer
in Section IV, this characteristic affords a more accurate estima-
tion of the structural state.

In order to apply standard synthesis techniques such as LQR,
we require a minimal state–space model representing the cur-
rent fluxion driven composite system. By defining the following
state–space model for the concatenated coil impedance and am-
plifier dynamics

(24)

where, , ,
, , , a state–space
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Fig. 13. Modified plant model required for admittance synthesis.

model can be derived for the composite system . is the
voltage dropped across the internal impedance of the transducer

(25)

where

(26)

and

(27)
Our design objective is to minimize the velocity , whilst,

as opposed to restraining the control signal , it remains of
interest to limit the magnitude of the terminal voltage . In a
linear quadratic sense, the objective is to minimize

(28)

where is the weighting on the terminal voltage . This spec-
ification can be cast as a standard LQR problem by considering
the modified plant shown in Fig. 13. The state–space repre-
sentation of which is

(29)

where

(30)

Minimizing (28) is now equivalent to minimizing

(31)

(32)

(33)

Restated, in the standard LQR context

(34)
The corresponding , , and matrices are

(35)

We can also consider the control objective where we seek
to minimize, in the sense, the weighted sum of velocity and
the terminal voltage in response to a specific disturbance , i.e.,
we seek to minimize

(36)

By considering the modified plant described in (29), this spec-
ification is easily cast into a standard synthesis problem.
Minimizing (36) is now equivalent to minimizing

(37)

IV. EXPERIMENTAL RESULTS

To verify the modeling and design techniques presented in
preceding sections, each method has been applied to an experi-
mental electromechanical system.
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Fig. 14. External photograph of the experimental electromagnetic apparatus.

Fig. 15. Side section of the experimental electromagnetic apparatus. All
dimensions are in millimeters.

A. Electromagnetic Transducer

A photograph of the electromagnetic transducer showing
the rigid body, flexible end supports, mounting plate, and coils
is provided in Fig. 14. The apparatus is essentially a transla-
tional solenoid with two identical fixed coils and a magnetic
plunger supported at either end by flexible disks. A side section
including dimensions and magnetic orientations is shown in
Fig. 15.

The coils are wound from 0.25 mm diameter enamel coated
copper wire and have an electrical impedance of .
In order to prevent distortion of the magnetic flux field, only
nonmagnetic materials, such as aluminum and copper, were
used in the construction of the rigid body, flexible end supports
and mounting plate.

In practice, the magnetic field strength, as well as being a
function of the magnetic material, is limited by the maximum
allowable dimensions and weight of the magnets. In these ex-
periments, three rare earth magnets (Neodymium Iron Boron),
are arranged to form the magnetic plunger as shown in Fig. 15.
At the two points where opposing poles meet (at the center of
each winding), a strong magnetic field exits at right angles to the
plunger. When the plunger is in motion, the strong parallel field
flowing through the coil results in a high-flux density and cor-
respondingly large induced voltage. The physical parameters of
the electromagnetic and mechanical systems are summarized in
Table I.

The plunger velocity is measured using a PSV-300 Polytec
Scanning Laser Vibrometer.

TABLE I
ELECTROMECHANICAL SYSTEM PARAMETERS

Fig. 16. Simplified schematic of (a) differential voltage feedback amplifier
and (b) current fluxion feedback amplifier.

B. Power Amplifier and Instrumentation

In order to implement the arbitrary shunt impedance and ad-
mittances resulting from control design, a power amplifier was
developed capable of driving either differential terminal volt-
ages or load current fluxions. During either mode of operation,
the device is also capable of instrumenting the respective load
current or terminal voltage.

The simplified schematic of two circuits realizing each mode
of operation are shown in Fig. 16(a) and (b). Both circuits incor-
porate a high-gain feedback loop to control either the measured
load or sensing impedance voltage.

In Fig. 16(a), within the high-frequency bandwidth of the
control loop, the reference potential appears across the
load, i.e., we have a unity gain voltage amplifier. The additional
resistance and differential amplifier generate the current mea-
surement with gain .

In Fig. 16(b), within the high-frequency bandwidth of the
control loop, the reference potential appears across the
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Fig. 17. Implementation of a voltage and current fluxion amplifier.

Fig. 18. Open-loop external gains of the shunt voltage controlled
electromagnetic system.

sensing impedance , thus, the resulting load current
is described by

(38)

Neglecting the resistance , the amplifier can be thought of
as an integrator connected in series to the reference of a cur-
rent source (with gain A/V). Alternatively, as it is de-
fined in this paper, we could also refer to the device as a cur-
rent fluxion amplifier (with gain ) where the
reference signal commands the rate of change in load cur-
rent. The parasitic coil resistance is beneficial and effec-
tively limits the low-frequency gain of the amplifier eliminating
the normal problems associated with integration. The following
in-bandwidth transfer function of the current fluxion amplifier
is determined by the parameters of the sensing inductor

(39)

A practical implementation of a combination voltage and cur-
rent fluxion amplifier is shown in Fig. 17. The device is capable
of 250-V operation at a maximum dc current of 32 A.

A dSpace 1005 based system is used to implement the re-
quired impedance and admittance transfer functions.

TABLE II
EXTERNAL GAINS ASSOCIATED WITH THE SHUNT VOLTAGE CONTROLLED

ELECTROMAGNETIC SYSTEM

Fig. 19. Simulated (—) and experimental (- -) magnitude frequency response
(in decibels) of the shunt voltage controlled electromagnetic system.

C. Impedance Synthesis

Fig. 18 shows the instrumentation and driver gains associated
with the underlying electromechanical system. The voltages
through represent the signals applied to, or measured from,
the power amplifiers and instrumentation. The gain and units
associated with each signal can be found in Table II. The actual
electrical shunt impedance presented to the coil is related to the
controller through the gains and , specifically

(40)

To assess the accuracy of the analytic model (discussed in
Section II-C), the simulated frequency response is compared to
that measured directly from the experimental system. A multi-
variable frequency response is measured successively from each
input to output pair. During the component single-input–single-
output (SISO) frequency response measurements, the residual
input is set to zero. The magnitude and phase frequency re-
sponses are shown, respectively, in Figs. 19 and 20. In the fre-
quency domain, a good correlation can be observed between the
analytic model and measured system.

1) LQR Impedance Synthesis: As discussed in Sec-
tion III-C, a linear quadratic regulator can be designed to
command the shunt terminal voltage with a view to regu-
lating a performance signal consisting of the weighted sum of
plunger velocity and control signal. An observer is required
to estimate the system states from the measured shunt current

. Once designed, the concatenation of observer and LQR
gain matrix results in a system, interpreted as an active shunt
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Fig. 20. Simulated (—) and experimental (- -) phase frequency response (in
degrees) of the shunt voltage controlled electromagnetic system.

Fig. 21. Complex impedance of the LQR (—) and ideal negative
inductor-resistor controller (- -).

impedance, that can be applied to one of the electromagnetic
coils in order to reduce structural vibration.

Based on the physical model (including external gains) that
was validated in the previous subsection, and referring to the
notation introduced in Section III-C, an LQR gain matrix was
designed to minimize the following performance function:

(41)

where the factor 7 represents the relative control weighting.
The gains and are included as the design is based on the
input–output model which includes the amplifier and instrumen-
tation dynamics. The observer was designed by pole placement,
where the target poles were chosen as that of the closed-loop
system with real components multiplied by 2. As is routine in
control system design, the control weighting of 7 and observer
pole locations were chosen experimentally to achieve a reason-
able tradeoff between damping performance, robustness, and
the control signal magnitude.

Fig. 22. Experimental (—) and simulated (- -) open- and closed-loop
frequency response from an applied disturbance current I (A) to the resulting
plunger velocity � (ms ) for the LQR impedance controlled system. The
open-loop frequency response is also shown (—).

Fig. 23. Velocity response � (ms ) of the LQR impedance controlled system
to a step disturbance current I . (a) Experimental open loop, (b) closed loop (b),
and (c) simulated closed loop.

The complex impedances of the implemented LQR and ideal
negative inductor-resistor controller are plotted in Fig. 21. It
can be observed that at frequencies close to the resonance of
the system, 92 Hz, the impedance of the LQR designed con-
troller closely resembles that of the ideal negative inductor-re-
sistor controller. Beneficially, the LQR designed impedance is
proper, has a limited bandwidth, and exerts control effort only
at frequencies close to the resonance of the system (which can
be deduced from the following closed-loop performance plots).

The damping performance of the LQR controller was as-
sessed in both the frequency and time domains. With the
controller in the loop, a disturbance current , proportional
to a force disturbance, is applied to the system. Experimental
and simulated open- and closed-loop frequency responses are
shown in Fig. 22. The controller was measured to reduce the
resonant peak by 19.4 dB. The corresponding time domain
velocity response to a 300 Hz low-pass filtered step change
in disturbance current is shown in Fig. 23. The simulated
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Fig. 24. Open- () and closed-loop (�) pole locations of the LQR
impedance controlled system.

closed-loop step response was obtained by recording the ap-
plied step signal and applying it in simulation to the closed-loop
model. The action of the controller can be further understood
by observing the open- and closed-loop pole locations shown
in Fig. 24. Disregarding the observer poles, the controller has
acted to increase system damping by shifting the associated
poles further into the left half plane. The pole corresponding to
the coil admittance remains effectively unchanged.

2) Impedance Synthesis: In analogy to Section IV-C1,
and as discussed in Section IV-C2, this subsection documents
the implementation of an active shunt impedance designed to
minimize the norm of the transfer function between a dis-
turbance current and a performance signal . As in Sec-
tion IV-C1, the performance signal consists of the weighted sum
of plunger velocity and control signal. Specifically, for the elec-
tromagnetic system including external gains, we seek to mini-
mize

(42)

where is the control signal weighting.
For the plant under consideration, the problem is well

defined and feasible. All of the standard requirements are met,
i.e., the plant is minimal, proper, controllable, observable, and
of finite dimension. However, in order to find a solution using
existing tools, i.e., the algebraic Riccati solution implemented
by the -Synthesis Toolbox for Matlab, the system must meet
some additional requirements. The most problematic of which,
is the requisite full rank condition on the standard plant ma-
trices and . In this case, where each of the signals ,

, , and are unidimensional, this condition requires that the
feedthrough term from to , and to , is nonzero. As the
performance signal already contains a direct weighting on the
control signal , the only condition not met is that on . To
overcome this problem, for the purpose of controller synthesis,
we include an artificial feedthrough term . We now have two
design parameters: and . These were chosen to be 0.1

Fig. 25. Complex impedance of the H (—) and ideal negative
inductor-resistor controller (- -).

Fig. 26. Experimental (—) and simulated (- -) open- and closed-loop
frequency responses from an applied disturbance current I (A) to the
resulting plunger velocity � (ms ) for the H impedance controlled system.
The open-loop frequency response is also shown (—).

and 1, respectively. Our experience indicates that both parame-
ters tend to have a similar effect on the controller bandwidth and
closed-loop performance. As either is decreased, the controller
bandwidth and closed-loop damping increases.

The electrical shunt impedance of the resulting controller
is shown in Fig. 25. Unlike the complex impedance of the LQR
controller shown in Fig. 21, the impedance shows a closer
resemblance to the ideal negative inductor-resistor over a wide
frequency band. Under the same test conditions as discussed in
Section IV-C1, the resulting damping performance of the
controller is illustrated by the closed-loop frequency response,
step response, and pole locations shown in Figs. 26–28, respec-
tively. The damping performance of the controller, mea-
sured to be 19.25 dB, is slightly inferior to that obtained for
the LQR controller in Section IV-C1. One of the characteris-
tics of the controller was that it resulted in a bandwidth
greater than the LQR controller designed to obtain a similar
performance. The poor correlation with the simulated response
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Fig. 27. Velocity response � (ms ) of theH impedance controlled system
to a step disturbance current I . (a) Experimental open loop. (b) Closed loop.
(c) Simulated closed loop.

Fig. 28. Open- () and closed-loop (�) pole locations of theH impedance
controlled system.

may be attributable to the problems involved in implementing
such a high-bandwidth controller. For real-time implementa-
tion using the Runge–Kutta analog solver, the sampling delay
associated with analog to digital conversion and vice versa re-
sults in a significant unmodeled phase delay at frequencies ap-
proaching to Nyquist rate. In addition, at such frequencies, the
actual impedance presented to the coil is a series concatenation
of the implemented transfer function and the high-frequency
low-pass dynamics of the power amplifier.

D. Admittance Synthesis

Fig. 29 shows the instrumentation and driver gains associated
with the underlying electromechanical system. The voltages
through represent the signals applied to, or measured from
the power amplifier and instrumentation. The gain and units as-
sociated with each signal can be found in Table III. The actual
electrical shunt admittance presented to the coil is related to the
controller designed for such a system through the gain and

Fig. 29. Open-loop external gains for the shunt current controlled
electromagnetic system.

TABLE III
EXTERNAL GAINS ASSOCIATED WITH THE SHUNT CURRENT CONTROLLED

ELECTROMAGNETIC SYSTEM

Fig. 30. Simulated (—) and experimental (- -) magnitude frequency response
(in decibels) of the shunt current controlled electromagnetic system.

the dynamics of the current fluxion amplifier. It can be shown
that

(43)

The controller can be likened to the approximation of an
admittance derivative, i.e.

(44)

In this section, rather than considering only the physical vari-
ables such as current, voltage, and velocity etc., we now con-
sider the reference current fluxion , in preference to .
The magnitude and phase frequency responses are shown, re-
spectively, in Figs. 30 and 31. In the frequency domain, a good
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Fig. 31. Simulated (—) and experimental (- -) phase frequency response (in
degrees) of the shunt current controlled electromagnetic system.

correlation can be observed between the analytic model and
measured system.

1) Admittance Synthesis: In analogy to Section IV-C1, and
as discussed in Section III-D, a linear quadratic regulator can be
designed to command the shunt current fluxion and, hence,
the current . Although now appears as an output, it remains
in our interest to weight this signal as a component of the per-
formance objective. The connection of the coil and amplifier
discussed in Section IV-B has an operational range constrained
only by the magnitude of the output voltage.

Based on the physical model (including external gains) that
was validated in the previous subsection, an LQR gain matrix
was designed to minimize the following performance function:

(45)

where the factor represents the relative weighting on the mea-
sured output voltage . Even though the control and measure-
ment variables differ from the impedance based design in Sec-
tion IV-C1, the performance objective remains the same. In Sec-
tion III-D, (45) is cast as a standard LQR performance objec-
tive. Following the design of a gain matrix (for ), an
observer was designed following the same technique as in Sec-
tion IV-C1, the poles were chosen with a real component twice
that of the closed-loop system poles.

The frequency response of the resulting LQR shunt admit-
tance is shown in Fig. 32. Like the impedance designed and
implemented in Section IV-C2, the complex admittance of the
LQR controller closely resembles that of the ideal negative in-
ductor-resistor controller at low frequencies. As the frequency
increases, the response can be likened to a small and decreasing
negative real valued admittance.

The closed-loop response of the LQR controller shown in
Figs. 33 and 34 shows a significant peak damping of 20.6 dB,
this closely resembles that predicted in simulation. The gen-
eral coherence between the simulated and experimental results
is likely due to the tendency of the LQR admittance to have
a significantly lesser bandwidth than that experienced with the

Fig. 32. Complex admittance of the LQR (—) and ideal negative
inductor-resistor controller (- -).

Fig. 33. Experimental (—) and simulated (- -) open- and closed-loop
frequency responses from an applied disturbance current I (A) to the
resulting plunger velocity � (ms ) for the LQR admittance controlled system.
The open-loop frequency response is also shown (—).

Fig. 34. Velocity response � (ms ) of the LQR admittance controlled system
to a step disturbance current I . (a) Experimental open loop. (b) Closed loop.
(c) Simulated closed loop.
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Fig. 35. Open-() and closed-loop (�) pole locations of the LQR admittance
controlled system.

impedance controllers of Sections IV-C1 and C-2. As the admit-
tance of the ideal negative inductor-resistor is low-pass com-
pared to the impedance which has an infinite bandwidth, the
characteristic of lesser control bandwidth when implementing
an admittance follows naturally. In addition, the increase in rel-
ative dynamic range associated with the transfer function from

to contributes to a more accurate state estimate and better
correlation with simulated results.

The simulated pole locations of the closed-loop system are
shown in Fig. 35. As expected, due to the explicit specifica-
tion of observer poles, the closed-loop pole-zero maps for both
the LQR admittance and impedance controlled systems are ex-
tremely similar.

2) Admittance Synthesis: This subsection documents
the implementation of an active shunt admittance designed
to minimize the norm of the transfer function from a
disturbance current to a performance signal . In analogy to
LQR admittance design, the performance function remains
unchanged from impedance synthesis. i.e.

(46)

where is the weighting on .
Again, for the plant under consideration, the problem is

well defined and feasible. All of the standard requirements are
met, i.e., the plant is minimal, proper, controllable, observable,
and of finite dimension. However, in order to find a solution
using existing tools, i.e., the algebraic Riccati solution imple-
mented by the -Synthesis Toolbox for Matlab, the system must
meet some additional requirements. The most problematic of
these requirements is the requisite full rank condition on the
standard plant matrices and . In this case, where each
of the signals , , , and are unidimensional, this condi-
tion requires that the feedthrough term from to , and to

, is nonzero. As both of the plant outputs already contain a di-
rect feedthrough from , (due to the existence of ), the only
condition not met is that on . To overcome this problem,
for the purpose of controller synthesis, we include an artificial

Fig. 36. Complex admittance of the H (—) and ideal negative
inductor-resistor controller (- -).

Fig. 37. Experimental (—) and simulated (- -) open- and closed-loop
frequency responses from an applied disturbance current I (A) to the
resulting plunger velocity � (ms ) for the H admittance controlled system.
The open-loop frequency response is also shown (—).

feedthrough term . We now have two design parameters:
and . These were chosen to be 0.17 and 0.6, respectively.

The electrical shunt impedance of the resulting controller
is shown in Fig. 36. The damping performance of the con-
troller is assessed from the closed-loop frequency response, step
response, and pole locations, as shown in Figs. 35, 37, and 38,
respectively. Attenuation of the resonant peak was measured to
be 19.65 dB.

E. Discussion

For the practitioner, when confronted with the various op-
tions for shunt control of an electromagnetic system, the obvious
questions are: “which is the easiest to implement?” and “which
provides the best performance?”. Although there is no general
answer to either of these questions, we wish to highlight some
important characteristics raised throughout this chapter. All of
the synthesized LQR and controllers tend to resemble the
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Fig. 38. Velocity response � (ms ) of theH admittance controlled system
to a step disturbance current I . (a) Experimental open loop. (b) Closed loop.
(c) Simulated closed loop.

Fig. 39. Open- () and closed-loop (�) pole locations of theH admittance
controlled system.

complex impedance of an ideal negative inductor-resistor over
some frequency band. Correspondingly, and as it occurs in prac-
tice, the impedance based controllers tend to be of a higher band-
width and more difficult to implement. Thus, the technique of
shunt admittance control is recommended. To this end, a current
fluxion amplifier is required. Although such a device is no more
difficult to construct than a typical voltage feedback amplifier,
at present, they are commercially unavailable.

As there is no direct measurement of the plunger velocity,
one would expect the performance of a shunt controlled system
to be lesser than a fully instrumented active feedback system.
Better performance is typically obtained for systems with a large
dynamic range in the transfer function from an applied control
signal to the measured variable. Work is continuing on the de-
sign of transducers with strong electromagnetic coupling coef-
ficients and, hence, a greater dynamic range in the impedance
transfer function.

Another issue associated with electromagnetic shunt control
is that of negative reactive components. All of the impedance
and admittance transfer functions contained right-half plane
poles. Such an impedance can only be represented by a circuit
comprising of at least one: negative resistors, negative capaci-
tors, or negative inductors. Although the connection of the coil
and control impedance is stable, an inherently stable controller
is desirable.

V. CONCLUSION

Electromagnetic transducers have been employed extensively
in active vibration control systems as force actuators, velocity
sensors, or both. Compared to other transducers such as piezo-
electric materials and shape memory alloys, their large stroke,
physical robustness, high bandwidth, and low-cost render them
useful in a wide range of applications.

The connection of an electrical impedance or admittance to
the terminals of an electromagnetic coil is equivalent to im-
plementing a standard feedback controller around the mechan-
ical system. By revealing the underlying feedback structure and
casting it as a typical MIMO control problem, an impedance or
admittance can be found that minimizes some arbitrary perfor-
mance objective.

No external sensor is required to implement the control loop.
This significantly reduces the cost, complexity, and sensitivity
to transducer failure that in many applications, may preclude the
use of an active control system.

The presented techniques are successfully applied to the
design and implementation of an LQR and based, active
impedance, and admittance controller. Without the need for any
external sensors, the resonant peak of an experimental single
DOF system was substantially reduced in magnitude by up to
20.6 dB.

Current and future work involves both the exploration of ad-
ditional applications and development of the control theory as-
sociated with the synthesis step. A priority is the inclusion of
uncertainty in the mechanical plant model with consideration
during the synthesis process to achieve robust stability and per-
formance objectives. For practical reasons it may also be de-
sirable to enforce strict-positive-realness (passivity) on the syn-
thesis result. It is expected that without negative reactive compo-
nents the achievable performance will be somewhat lesser. This
work has been successfully applied to the control of an isolation
support [7], and inertial vibration controller [16].
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