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Piezoelectric tubes exhibit a highly resonant mode of vibration which, if uncontrolled, limits the maxi-
mum scan rate in nano-scale positioning applications. Highly resonant systems with collocated sensor/
actuator are often controlled using resonant shunt dampers. Unfortunately, in the configuration used
here, this approach is not possible due the non-minimum phase property arising from the the presence
of a right-half plane zero.

This problem is solved by: (i) interpreting the resonant shunt damper in the context of physical-model-
based control (PMBC) and (ii) extending the PMBC approach to handle non-minimum phase systems.

The resultant controller combines the physical insight of the resonant shunt damper with the ability to
control the non-minimum phase piezoelectric tube.

A digital implementation of the controller was experimentally evaluated and found to successfully
eliminate the resonant mode of vibration during an accurate and fast scan using a piezoelectric tube
actuator.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Scanning Tunneling Microscopes (STMs) and Atomic Force
Microscopes (AFMs) are used extensively in diverse areas of sci-
ence such as crystallography, cell biology, etc, [1]. When used at
extreme magnifications they are capable of generating topograph-
ical maps of solid surfaces at micro to atomic resolution. In both
STMs and AFMs a probe is placed in close proximity, typically a
few nanometers, to the material surface for which a topographical
map is desired. The given material surface is scanned by either
moving the probe or the sample in a raster pattern, so that the
probe interacts with the entire region of interest. In many commer-
cially available STMs and AFMs scanning is performed using a pie-
zoelectric tube actuator, [1]. Depending on the make, either the
probe is attached to the piezoelectric tube or the sample is placed
on the free end of the piezoelectric tube and then actuated in a ras-
ter pattern.

One of the advantages of using piezoelectric tubes is that under
certain experimental conditions their dynamics can be well
approximated by linear models, see [2–6]. The linear models nor-
mally reveal the presence of lightly damped resonance modes,
which make the piezoelectric tubes susceptible to mechanical
ll rights reserved.
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vibrations. Non-linear phenomenon such as creep and hysteresis
also become visible when actuating the tube using low frequency
inputs and high amplitude inputs respectively, [7,8]. In such sce-
narios the linear approximations become inadequate. The control
objective of this paper is to perform fast scans using a piezoelectric
tube actuator of the type typically used in scanning probe micro-
scopes. The main impediments to fast scanning are the presence
of mechanical vibrations and hysteresis. This paper focusses on
the first impediment. The second impediment is avoided using spe-
cial hardware; in particular, a specially designed charge amplifier
[9,10] is used for applying signals to the piezoelectric tube in order
to avoid hysteresis.

One approach to avoiding mechanical vibrations is to use band-
limited input signals; [11] give a recent discussion of this ap-
proach. This feedforward approach is combined with the feedback
approach of this paper. An alternative is to make use of the periodic
nature of the scan and use repetitive control; see [12] for a survey.
The feedback approach to active vibration control has a long his-
tory dating back to at least den Hartog [13] and has many recent
developments as summarised by Preumont [14]. This paper pre-
sents a novel way of designing feedback part of the control based
on physical insight.

The notion of ‘‘controller design in the physical domain” was
introduced by [15] based in turn on earlier work on ‘‘impedance
control” [16–18]. As discussed by those papers and [19] such
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Fig. 1. Physical Model Based Control. (a) The ideal collocated case. b) The practical
case where actuator and sensor dynamics are represented by the transfer system
Tra.
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controllers are naturally described in bond graph [20–23] terms1.
Such ‘‘Physical-model-based control” (PMBC) has been applied to
the control of mechanical systems [25–27] as well as to the emerg-
ing field of hybrid numerical experimental substructuring [27]. For
this reason, a model of the piezoelectric tube is developed in bond
graph terms. Although such a linear model could also be developed
by other means, this paper shows that the insight gained by the bond
graph approach also allows a natural PMBC-based feedback solution
to the problem of vibration associated with fast scanning.

In the setup used here, one side of the piezoelectric tube is used
for actuation, and the other for sensing. It turns out that this asym-
metric actuation leads to significant non-minimum phase behav-
iour which makes feedback control a more challenging problem
than it would otherwise be. This problem is solved in this paper.
Hitherto, the PMBC approach of [25] has been restricted to mini-
mum-phase systems; the first purpose of this paper is to provide
a novel way of extending PMBC to non-minimum phase systems.
The second purpose of the paper is to apply and experimentally
evaluate the PMBC approach within the context of the control of
the piezoelectric tube. Thus, although the method is applied to a
particular experimental system, it is applicable to mechatronic sys-
tems in general.

Section 2 summarises PMBC and Section 3 gives a bond graph
based physical model of the tube. Section 4 describes the experi-
mental equipment, presents open-loop frequency response results
and uses system identification to estimate the physical model
parameters of the tube; the non-minimum phase nature of the sys-
tem is described. Based on this physical model, Section 5 gives a
PMBC design of a feedback controller and presents a novel ap-
proach to overcoming the problems arising from the non-mini-
mum phase behaviour. Section 6 presents experimental results
and verifies that the feedback controller eliminates vibrations
due to the tube resonance. Section 7 concludes the paper. The
Appendix gives details of the open-loop approach, and how it can
be combined with the feedback approach.
2. Physical model based control

There are three subsystems which represent:

Num the numerical subsystem implemented as software within a
digital computer,

Phy the physical subsystem implemented as hardware in the
physical world and

Tra the transfer system comprising sensors and actuators con-
necting the numerical and physical domains together with
the associated control systems and signal conditioning.

Fig. 1a shows the ideal case where sensors and actuators are
collocated; design is relatively straightforward in this case.

Unfortunately, collocation is the exception rather than the rule.
Fig. 1(b) shows the practical situation where either the computer
imposes efforts or flows indirectly via an actuator system or the
sensor is such that the measurement point and actuation point
are different thus leading to non-collocation. In some cases, the
problem can be removed by careful actuator design; for example,
in the context of collocated sensor/actuator piezo patches.

In other cases, the effect of Tra can be removed by the design of
appropriate compensation [25,27]. However, the particular system
examined here has a right-half plane zero and it is thus non-min-
imum phase. As shown in Section 5, the special physical character-
istics of the piezo tube system can be used to overcome the
1 A recent tutorial on Bond Graphs is available [24].
transfer system thus giving a novel approach to the PMBC of
non-minimum phase systems.

Section 3 shows that the system considered in this paper can be
modelled as a particular case of the structure of Fig. 1.
3. Modelling

Fig. 2(a) gives a schematic diagram of the piezoelectric tube
where the left-hand patch acts as an actuator and the right-hand
patch as a sensor. This asymmetric actuation leads to two types
of motion: a bending mode where a contraction of the actuation
patch leads to an extension of the sensing patch and a vertical pis-
ton mode where a contraction of the actuation patch leads to a con-
traction of the sensing patch. This contraction leads to the non-
minimum phase behaviour discussed in the rest of the section.

The bending mode leads to the desired horizontal motion of the
tip of the tube. The bending motion has an infinite number of
vibrational modes of which only one is within the frequency range
of interest; this mode can potentially lead to significant vibration
problems. The piston motion is also associated with vibrational
modes, but the only mode within the frequency range of interest
is of a much lower frequency that that associated with the bending
mode. Hence, in this system, the piston mode has slow dynamics
relative to the bending mode; this combination of fast and slow
dynamics operating in opposite directions leads to the non-mini-
mum phase behaviour.

Fig. 2(b) gives the bond graph corresponding to Fig. 2(a). In the
frequency range of interest, the bending mode can be adequately
modelled the a mass-spring-damper subsystem formed by the
I:m, C:k and R:r components of Fig. 2(b) whereas the piston mode
has a resonance outside the frequency band of interest and can be
modelled by the spring-damper system formed by the C : k0 and
R : ro components of Fig. 2(b).



Fig. 2. Tube Modelling. v and i are the voltage and current associated with the actuation patch and v2 and i2 the corresponding values for the sensing patch; the components
C : cp represent the (identical) capacitances of the two patches. The mass-spring-damper components of the bending mode are I:m, C:k and R:r respectively; the piston mode
is represented by C : k0 and R : ro .
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It is known [28,29] that it is advantageous to drive piezoelectric
transducers with current or charge rather than voltage; further-
more, the voltage v2 can be measured with a high-impedance
instrument. Taken together, this avoids non-linear and hysteresis
effects [28,29] and the bond graph of Fig. 2 represents a linear
system.

Energy-based modelling in general [30–32], and bond graph
modelling in particular, use voltage and current (or the analogous
force and velocity) as covariables. In this case, the system input is
charge from the amplifier driving the piezo tube. Charge is the
time-integral of current and is thus analogous to displacement –
the time-integral of velocity – in mechanical systems. Hence fol-
lowing the analogous approach to mechanical systems of Gaw-
throp et al. [27], this paper develops the method as if the
actuator were a current amplifier, and the resulting controller is
converted to charge actuation at the end of the design process.
With this form of actuation and measurement, the model of
Fig. 2(b) can be simplified for the purposes of control as follows.
� The component C : cp, representing the electrical capacitance of
the actuating patch can be removed as it does not effect the cur-
rent i and the voltage v is not used.

� The component C : cp2, representing the electrical capacitance of
the sensing patch can be removed as the current i2 ¼ 0 is zero
due to the high sensor impedance.

� As i2 ¼ 0, the evolution of the bending and piston mode compo-
nents is determined entirely by i and v2 is a system output.

These three facts mean that, as far as i;v2 and the variables act-
ing at the tip are concerned, the bond graph of Fig. 2 can be re-
placed by the bond graph of Fig. 3. As i and v2 now appear on
the same bond, these are referred to as quasi-collocated variables
and the bond graph of Fig. 3 as a quasi-collocated bond graph.

The corresponding system is, however, not passive, due to the
bond directed away from the piston-mode component C : k0 corre-
sponding to a spring with negative stiffness – it is this component
that leads to the non-minimum phase nature of the system.



Fig. 3. Quasi-collocated Model. The bending mode leads to unwanted vibration and
the piston mode to non-minimum phase behaviour.

Fig. 4. The experimental setup.The piezoelectric tube is mounted inside an
aluminium shield. The x-axis capacitive sensor is shown secured at right angles
to a cube mounted onto the tube tip. And the y-axis capacitive sensor is secured at
right angles to the perpendicular face of the aluminium cube. Only one of the two
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As discussed in Section 5, this system therefore cannot be trea-
ted as Phy in Fig. 1 of Section 2. In fact the system representing the
bending mode is used as Phy with corresponding transfer function
P(s) where:

PðsÞ ¼ k
sþ r

m

s2 þ r
m sþ k

m

ð1Þ

The transfer function relating i and v2 can be derived from the bond
graph of either Fig. 2 or 3 as:

v2

i
¼ Gvi ¼

k0

sþ a
� PðsÞ ð2Þ

a ¼ k0

r0
ð3Þ

As the piezo tube has very low damping, it is reasonable to expect
that the transfer function representing the piston mode k0

sþa can be
approximated by an undamped spring that is that:

a � 0 ð4Þ
This approximation is confirmed experimentally in Section 4. As
mentioned previously, the system is driven by charge, not current
Defining the charge associated with i as q ¼

R
idt, it follows that

v2

q
¼ Gvq ¼ sGvi ¼ ðk0 � kÞ þ k

k
m

s2 þ r
m sþ k

m

� a
sþ a

ð5Þ

The first term of (5) is significant at all frequencies, the second is
significant around resonance and the third term is, from assump-
tion (4) small at all frequencies. In the next section, it is shown that
ko < k and so the first term is negative – as discussed in Section 4.3,
this leads to a right-half plane zero and non-minimum phase
behaviour.

4. Identification

This section discusses how the the physical parameters of the
theoretical model of Section 3 were fitted to experimental data.
Section 4.1 outlines the experimental setup and Section 4.2 shows
how the parameters are extracted from the experimental data. Sec-
tion 4.3 examines the non-minimum phase aspects of the identi-
fied transfer function.

4.1. Experimental equipment

As indicated in Fig. 4, a jig was constructed to hold the piezo-
electric tube along the z axis. A small aluminium cube is bonded
to the upper end of the tube. This cube represents the seat where
the materials that need to be scanned are placed. A schematic of
the tube appears in Fig. 2(a). The head of an ADE Technologies
4810 capacitive sensor is placed in close proximity to the face of
aluminium cube along the x axis. The inner electrode of the piezo-
electric tube is grounded. One electrode from the x-x pair, referred
as the xþ electrode, is chosen as the input end of the piezoelectric
tube, and the corresponding opposite end, referred as the x� elec-
trode, is chosen as the output end. The whole setup consisting of
the piezoelectric tube with the bonded aluminium cube and the
heads of the capacitive sensors, is placed in a specially constructed
sensors is used here.
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cylindrical enclosure. The cylindrical enclosure protects the exper-
imental setup from external noise.

The ADE4810 Capacitive sensor has bandwidth of 10kHz and
has a noise density of 20pm=

ffiffiffiffiffiffi
Hz
p

. In the current context the capac-
itive sensor is operated over a bandwidth of around 2kHz, which
amounts to a maximum rms noise of 20�

ffiffiffiffiffiffiffiffiffiffiffiffi
2000
p

pm �
900pm ¼ 0:9 nm and a resolution of about 4 nm. The capacitive
sensors are used only for monitoring purposes in the experiments
of Section 6; the electrodes are used for feedback control.

The charge amplifier is a purpose built linear device with a con-
stant gain of 68nC=V in the bandwidth of interest; it is used to re-
move hysteresis. In other words, if the input to the charge amplifier
is fed with sine wave of amplitude 1V with a frequency less than
2kHz, the output would be sine wave of same frequency with
amplitude 68nC, see [9,10].

The HP36750A Spectrum Analyser can be interpreted as a Signal
generator and Data acquisition system with a processor capable of
performing mathematical operations online (such as averaging,
FFT, correlation analysis etc.) on the acquired data. This instrument
is capable of performing sine-sweep from near DC (122 lm Hz to
be precise) to 50 kHz with a maximum resolution of 1600 lines.
In the current context the bandwidth of interest was only DC-
2.5 kHz, and a resolution of 1200 frequency lines within the de-
sired bandwidth in log scale was used. For each xk, of the 1200 fre-
quency points chosen, the spectrum analyser generates a
sinusoidal waveform with frequency xk and present it to the input
of system via the charge amplifier. The resulting system output,
which is also a sinusoidal waveform, is acquired by the analyser
and processed (averaging and FFT) to obtain the frequency re-
sponse of the system. The data acquisition of HP36750A has a res-
olution of 16 bits. Ten cycles of sine waves were generated at each
frequency, and the frequency response at that frequency was taken
as the average over all the 10 cycles.

Experiments are performed on the piezoelectric tube to obtain
the frequency response function (FRF) GF

vqðixÞ in the frequency re-
gion 10 Hz 6 f 6 2500 Hz, x ¼ 2 pf . Using the charge amplifier
swept sine waves are applied as input at the xþ electrode of the
piezoelectric tube, Fig. 2a. Application of the input swept sine
Fig. 5. Estimated (bGvq (6)) and measured ðGF
vqÞ frequency responses. The fit is particul

resonant/antiresonant pair visible at about 1.7 kHz, but this is well damped and has insi
which again has negligible effect at resonance.
causes the tube to bend inducing a voltage signal v2 at the x� elec-
trode. The input q, applied the xþ electrode and the corresponding
output v2 induced at the x� are fed into the spectrum analyser,
which computes the frequency response function (FRF) GF

vqðixÞ ¼
v2ðixÞ
qðixÞ .

The firm lines in Fig. 5 shows the magnitude and phase of the
estimated FRF GF

vqðixÞ. The main feature is the resonance at about
860 Hz; there is evidence of a resonant/antiresonant pair at about
1.7 kHz, but this is insignificant compared to the main resonance.

4.2. Parametric identification

The purpose of this section is to show how the physical param-
eters of the tube model can be derived from the estimated FRF of
Section 6.

The first step is to fit the parameters of a transfer model of the
form

bGvqðsÞ ¼
bK

s2 þ â1sþ â2
� d̂ ð6Þ

to the experimentally determined GF
vqðixÞ.

The parameters of the model (6) that fits the FRF data are tabu-
lated in Table 1. As the parametric model is only of order 2, estima-
tion of its transfer-function parameters are not difficult, and hence
the details on the estimation are omitted. It is apparent from Fig. 5
that the parametric model fits the data with good accuracy.

Using assumption (4), the final term of (5) is small in the fre-
quency band of interest. The four remaining parameters
ðk; k0;m and rÞ of the physical model (5) can be sequentially com-
puted from the four parameters of the empirical model (6) as:

k ¼
bK
â2

ð7Þ

k0 ¼ k� d̂ ð8Þ

m ¼ k
â2

ð9Þ

r ¼ mâ1: ð10Þ
arly good around the resonance at about 860 Hz. The model does not capture the
gnificant effect on vibration. There is also a phase error at low and high frequencies



Table 1
Empirical Transfer Function parameters

Name Value

bK 2.3768.�106

â1 46.211
â2 2.9157�107

d̂ 0.029854

Table 2
Physical parameters

Name Value

k0 00.051666
k 0.081520
m 2.7959�10-9

r 1.292�10-7
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Fig. 6. Non-minimum phase effects. (a) Shows the presence of a zero in the right
half plane at about s=7000. (b) Shows the effect of the term d̂ on the frequency
response: Gvq is the frequency response of the non-minimum phase system; G0 is
that of the underlying minimum phase system with d̂ ¼ 0. The approximate
symmetry of the zeros means that they contribute no phase lag to the system; this
is why the phases of Gvq and G0 are nearly the same.
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The resultant parameters appear in Table 2. Fig. 5 confirms that this
four-parameter approximate physical model gives an accurate rep-
resentation of the measured frequency response around resonance.

4.3. Non-minimum phase effects

As mentioned in Section 3, the physics of the piezoelectric tube
lead to non-minimum phase behaviour; in terms of the experimen-
tal transfer function, this non-minimum phase behaviour is due to
the term �d̂ appearing in (6). Define the transfer function G0 as:

G0 ¼ Gvq þ d̂ ¼
bK

s2 þ â1sþ â2
ð11Þ

Now G0 is stable and has no zeros and hence is minimum phase. On
the other hand, using (6), and the parameters of Table 2:

Gvq ¼
bK � d̂ðs2 þ â1sþ â2Þ

s2 þ â1sþ â2

¼ �0:02985s2 � 1:379sþ 1:506� 106

s2 þ 46:21sþ 2:916� 107

¼ ðsþ 7126Þðs� 7080Þ
ðs� 23:1þ i5399Þðs� 23:1� i5399Þ ð12Þ

Eq. (12) shows that the effect of d̂ is to give Gvq a zero in the right-
half plane at s = 7080; Gvq is thus non-minimum phase with the
poles and zeros plotted in Fig. 6(a). It is well known that such sys-
tems present a control challenge.

The fact that the magnitudes of the two zeros are close means
that the phase contribution of the two zeros approximately can-
cels; but the magnitude of each will increase by 20db/decade from
around f ¼ 7000

2p ¼ 1:1 kHz. Thus, at high frequencies, the effect of d̂
is to affect the gain but not the phase leading to behaviour which
violates the Bode integral theorem – a characteristic of non-mini-
mum phase systems. Turning to the low frequencies, the steady-
state gain of Gvqð0Þ ¼ G0ð0Þ � d̂; thus the low frequency gain of
Gvq is less than that of G0. Fig. 6(b) gives the Bode diagrams for both
Gvq and G0 to verify this analysis.

5. Physical model based control design

With reference to Fig. 1, the physical subsystem Phy is identi-
fied with the bending-mode portion of Fig. 3 and the transfer sys-
tem Tra with the piston mode and associated 1 junction. In
particular, the transfer function of Phy is P(s) (from Eq. (1) and
the transfer function of Tra is T(s) where:

PðsÞTðsÞ ¼ �Gvi ð13Þ

where Gvi is given by (3).
As outlined in Section 2, there are two parts to the PMBC design:
designing Num and eliminating the effects of Tra. These two topics
are treated in the following subsections.

5.1. Designing Num

This section considers how to design the collocated controller
Num assuming, for the moment, that k0 is zero. There are many
possibilities, but here, following [33,34] a resonant shunt damper
is derived using a novel bond graph approach. The basic idea is
to use the classical idea of attaching a mass-spring damper, tuned
to the resonance frequency of a system, to extract energy from that
system.

In bond graph terms, the approach of Fig. 8 is natural.
Comparing Fig. 8 with Fig. 3, the shunt has the same dynamic
components as the bending mode model with the following
changes:



(a) Open-loop control

(b) Closed-loop control

Fig. 7. Control configurations. The closed-loop formulation arises from active
vibration control [14].

Table 3
Controller parameters

Name Value

g 1.6
rc 40r
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(1) R:r is replaced by R : rc where rc > r to extract energy.
(2) A GY:g component is added to dualise the shunt (as com-

pared to the bending mode mode); this allows direct con-
nection to the physical system without changing the
dynamical properties. The variable gain g allows variable
shunt coupling.

The corresponding transfer function is

NðsÞ ¼ g2 kmsþ rc

kþms2 þ rcs
ð14Þ

This controller has two parameters (in addition to the physical
parameters already specified in Table 2): the gyrator gain g and
the damping rc . As these parameters have a clear physical meaning,
it was straightforward to adjust them to give a high level of damp-
ing. The chosen values are given in Table 3.

5.2. Eliminating Tra

As discussed in Section 3, the piston mode introduces a negative
C and R component into the quasi-collocated system of Fig. 3. The
purpose of this section is, following the philosophy of Section 2,
Fig. 8. Shunt controller bond graph. The C:k and I:m components are the same as in
the bending mode of Fig. 3, R : rc dissipates the bending mode energy and GY:g
provides adjustable coupling.
augment the collocated controller Num to eliminate the effect of
the unwanted negative component. Fig. 9(a) gives a bond graph
interpretation of the procedure suggested in this paper. Num is
augmented with (positive) components C : k0 and R : r0 and a cor-
responding 1 junction. Following elementary bond graph simplifi-
cation rules [22], the two 1 junctions can be combined and the two
C : k0 are then attached to the same 1 junction and can be com-
bined to give a single C component corresponding to a spring of
stiffness k0 � k0 ¼ 0. The effect is then eliminated. R : r0 is elimi-
nated similarly.

An alternative view of the same procedure is given by the block
diagram of Fig. 9(b) where N(s) and P(s) refer to the transfer func-
tions of Num and Phy respectively. The effect of k0 on Num is to
add a negative parallel transfer function which can be removed
by augmenting Num with a corresponding negative feedback trans-
fer function. Letting N(s) denote the transfer function of Num, it
follows that the augmented controller transfer function is

NaðsÞ ¼
ðsþ aÞNðsÞ

ðsþ aÞ þ k0NðsÞ ð15Þ

This sort of loop transformation is to be found in a different context
– stability – in, for example [35]. It is known that such loop trans-
formations are only possible if k0

sþa is stable, ie a > 0. For physical
reasons this must be so, but the data used in Section 4 did not pro-
vide an explicit value for a, just the implied constraint that it is
small in the bandwidth of the data. For this reason, a was chosen
as a ¼ 10.

Using this value for a, together with the the physical parame-
ters of Table 2 and the controller parameters of Table 3 gives the
numerical value of NaðsÞ to be:

NaðsÞ ¼
0:287ðsþ 10Þðsþ 1848Þ

s3 þ 1858s2 þ 3:025:107sþ 2:285:109 ð16Þ

The corresponding charge controller is obtained by dividing (16) by
s to give:

NqðsÞ ¼
0:287ðsþ 10Þðsþ 1848Þ

sðs3 þ 1858s2 þ 3:025:107sþ 2:285:109Þ
ð17Þ

� 0:287ðsþ 1858Þ
s3 þ 1858s2 þ 3:025:107sþ 2:285:109 ð18Þ

The approximation of (18) is valid around resonance and avoids the
approximate cancellation of the integrator (s denominator factor)
with the (s + 10) numerator factor in (17).

Finally, the charge controller (18) is scaled by the nominal tube
capacitance of ct ¼ 10nF and the minus sign implicit in (13) to give
the controller:

KðsÞ ¼ � 2:087:107sþ 3:858:1010

s3 þ 1858s2 þ 3:025:107sþ 2:285:109 : ð19Þ

This section looks at the properties of the controller K(s) (19) in
simulation.

The bode plot of the controller is presented in Fig. 10. It is worth
noting that the controller FRF KðixÞ rolls off in the high frequency
regions, implying that its frequency response would not disturb
the higher order modes of the plant. On the other hand, the phase
advance around resonance stabilises the system.
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In what follows, the effectiveness of the controller in damping
the resonance in GvqðsÞ will be evaluated numerically. Experimen-
tal evaluation of the same will be done in the next subsection.
Numerical evaluation refers to comparing the open-loop FRF
GF

vqðixÞ with the closed-loop FRF

GðclÞ
vq ðixÞ ¼

bGvqðixÞ
1þ KðixÞbGvqðixÞ

: ð20Þ

Here, bGvqðixÞ and KðixÞÞ are as in (6) and (19) respectively with
s ¼ ix. Bode plots of GðclÞ

vq ðixÞ and bGvqðixÞ suggests a damping of
about 25 dB in closed loop, refer to Fig. 11. This prediction is vali-
dated experimentally in the next subsection.

6. Experimental results

The controller designed in Section 5 was experimentally vali-
dated by two sets of experiments using the experimental equip-
ment described in Section 4.1. The first set validated the
predicted closed-loop frequency response presented in Fig. 11.
The second set examined the scanning performance as measured
at the tip using the capacitive sensor described in Section 4.1; this
tip signal was not used in the controller but rather only for moni-
toring the controller performance.

Firstly, the open and closed frequency responses were mea-
sured by applying a swept-sine setpoint w to the closed-loop
experimental system corresponding to Fig. 7. The frequency re-
sponse was measured using the spectrum analyser. Fig. 12 shows
the experimental closed-loop frequency response superimposed
on the theoretical closed-loop frequency response and the mea-
sured open-loop frequency response. This illustrates two points:
that the closed-loop design of Section 5 largely eliminates the res-
onant peak found in the open-loop response and that the experi-
mental and theoretical closed-loop responses are similar.

Secondly, the scanning performance of open and closed-loop
controllers of Fig. 7 were compared by choosing the underlying



Fig. 11. Predicted Open and closed-loop frequency responses: theoretical plots of bGvqðixÞ along with GðclÞ
vq ðixÞ, with GðclÞ

vq ðixÞ as in (20).

Fig. 12. Experimental frequency response. The experimental closed-loop response is superimposed on the predicted open and closed-loop responses. The experimental and
predicted closed-loop responses are almost identical and have about 25 dB more damping than the open-loop system.
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setpoint to be a triangular waveform with frequency 40 Hz but
applying the modified triangular waveform (see the Appendix)
and measuring the position of the tube tip using the capacitive sen-
sor of Section 4.1. Fig. 13(a) shows the measured tip position in the
open-loop case and Fig. 13(b) shows the corresponding measured
tip position in the closed-loop case; the signals over eight adjacent
periods have been superimposed to show the (small) variability
between periods.

Fig. 14(a) and (b) show the corresponding error signals; again,
the signals over eight adjacent periods have been superimposed.
The closed-loop error is the same order of magnitude as the capac-
itive sensor resolution, however, the open-loop error is consider-
ably larger than this resolution. Hence the experiment shows
that the closed-loop design of Section 5 largely eliminates the tip
vibrations found in the open-loop response.

The empirical frequency-response function (FRF) relating the
triangular setpoint to the open-loop ðEolÞ and closed-loop ðEclÞ er-
rors were computed using standard methods [36] based on the
periodicity of the signals. Fig. 15 shows the computed FRFs for both
cases. Both controllers have good low frequency performance (low
error) and, in each case, the high frequency performance indicates
no error reduction as expected. However, there is a large error FRF
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Fig. 13. Time response recorded by the capacitive sensor (tip-displacement) to a
triangle waveform input of amplitude 5:5 lC and frequency 40 Hz. The data from 8
periods has been superimposed to show the small variability between periods. (a)
The open-loop oscillations are unacceptable. (b) The closed-loop controller removes
the oscillations from the response.
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Fig. 15. Relative error signal spectra. The empirical frequency response functions
relating the triangular input w to the open-loop (Eol , firm line) and closed-loop error
signal (Ecl , broken line) are shown. The frequency response function Eol has a
resonant peak at about 840 Hz corresponding to the time-domain oscillations in
Fig. 14(a).
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in the open-loop case ðEolÞ at about 840 Hz; this corresponds to the
time-domain oscillations in Fig. 14(a). The closed-loop controller
eliminates this resonant peak from the corresponding FRF ðEclÞ.
7. Conclusion

The general approach of physical-model-based control (PMBC)
has been extended to be applicable to non-minimum phase sys-
tems in general and the non-minimum phase system arising from
the feedback control of a piezoelectric tube in particular.

The controller design involves the choice of only two parame-
ters each of which has physical significance and is thus easily cho-
sen. The resultant third-order feedback controller then follows
from these two parameters as well as four physical parameters
describing the piezoelectric tube. These four physical parameters
can be deduced from frequency response experiments on the
open-loop piezoelectric tube.

The closed-loop system frequency response predicted about 25
dB of damping compared to the open-loop case. The experimen-
tally measured frequency response matched the predicted fre-
quency response closely. Open and closed-loop experimental tip
position responses to a triangular waveform (corresponding to a
fast raster scan) showed that the oscillations observed in open-
loop were largely eliminated by the closed-loop controller.

Although the controller was based on a single resonant mode
model, the experimental results show that, in this case, higher res-
onant modes were not excited. There may well be systems for
which this single-mode approach fails; the extension to such cases
is a matter for future research.

Although we have shown that the proposed extension of the
PMBC design method to non-minimum phase systems works well
in this application, we have not yet performed direct comparisons
with alternative approaches; this is a matter for further research.
Appendix A. Inverse-based open-loop approach

Two different approaches can be taken to eliminate the periodic
vibrations due to tube resonance: an open-loop and a closed-loop
approach. In the first approach, instead of using a triangular wave-
form, inputs to xþ (see Section 4.1) are shaped such that capacitive
sensor measurement is a triangular waveform. More specifically
the input at xþ is set to

uðtÞ ,
XN

k¼1

ak

jGdqðixkÞj
sinðxkt � /kÞ; ð21Þ

where N is a large positive integer,
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/k , \GdqðixkÞ ð22Þ

and ak and xk are such that

fdðtÞ ,
X1
k¼1

ak sinðxktÞ ð23Þ

is the desired triangular waveform output in the Fourier series form.
The integer N is chosen such that the Fourier coefficients ak; k P N;
are numerically insignificant. It is easy to see that applying u(t),
(21), at xþ would give fdðtÞ at the capacitive sensor output.

The second approach is to use a feedback controller that would
damp the resonance in GvqðsÞ, and then input a triangular wave-
form to the closed-loop system. Note that damping the resonant
peaks in GvqðsÞ would automatically suppress the amplification of
the harmonics of the triangular waveform that are close to the
resonance.

A first look at the two approaches would suggest that the first
method is simpler than the second. However, this approach, is
heavily dependent on the correctness of the model GdqðsÞ, and con-
sequently suffers from lack of robustness towards model uncer-
tainties. In general, due to wear and tear and other external
influences, piezoelectric tube characteristics such as gain and res-
onance frequency are prone to minor changes or perturbations.
In particular, when the system’s resonance frequency gets per-
turbed applying u(t) would not result in a triangular waveform at
the output.

This paper combines the two approaches: a feedback controller
is constructed, linking the output x� to the input at xþ, through the
charge amplifier, to damp the vibrations. An input of the type u(t)
(21) is then designed for the closed loop system to get the desired
triangular waveform as the output.
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