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abstract
We propose systematic design methods for realization of a given LTI compensator with complex
poles using a modulated–demodulated control framework. Applicability of the proposed realization
methods is established through simulations performed on an undamped resonant plant compensated
by a low gain controller to obtain better noise rejection performance. It is demonstrated how a
modulated–demodulated structure may reduce the sampling rate in a hybrid control system. In addition,
superior robust performance is achieved against variations in baseband parameters using direct reference
injection into the modulated–demodulated control systems compared to the indirect injection approach.
© 2014 Elsevier Ltd. All rights reserved.

1. Introduction
Digital control of high-precision ultrafast mechanisms is a
highly challenging task. These systems have extremely fast
dynamics, and digital control implementation for them may
require specialized hardware that is either inaccessible, or
prohibitively expensive. Subsequently, many such systems are
operated in an open loop. The emerging high-speed atomicforce microscopes, for example, utilize a nanopositioning stage
with extremely fast dynamics. The lateral dynamics of these
nanopositioners are often operated in the open loop, due to
complications described above (Ando et al., 2003, 2001, 2008;
Humphris, Miles, & Hobbs, 2005). The positioning performance
of such open-loop systems suffers from parametric uncertainties,
unmodeled dynamics, noise, and drift (Bazaei, Yong, & Moheimani,
2012; Daniele, Salapaka, Salapaka, & Dahleh, 1999). There is
significant interest in developing new implementation methods
for high bandwidth compensators that can control systems with
super-fast dynamics.
Modulated–demodulated control system design approach is a
method that has important practical applications in controlling
fast systems such as radio frequency transmitters (Bode, 1945),
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MEMS gyroscopes (Chen, M’Closkey, Tran, & Blaes, 2005; Leland,
2003; M’Closkey, Vakakis, & Gutierrez, 2001), rotating gravity
gradiometers (Affleck & Jircitano, 1990; Bell, Anderson, & Pratson,
1997; Gerber, 1978), and pulsed jet injection systems (Hendrickson
& M’Closkey, 2012). Modulated–demodulated control method
was originated from an adaptive control technique that was
designed specifically for rejecting sinusoidal disturbances (Bodson,
Sacks, & Khosla, 1994; Chen & Paden, 1990). In Chang (1993),
the method was used to alleviate the vibrations in lightly
damped structures, without using any exogenous modulation
signals. In Lau, Quevedo, Vautier, Goodwin, and Moheimani
(2007), exogenous modulation signals were incorporated in the
control system to further enhance the stability of the closed-loop
system. In Lau, Goodwin, and M’Closkey (2004, 2005), performance
limitations of a single-channel modulated–demodulated control
structure were investigated using an approximate method. In
Hendrickson and M’Closkey (2012), a modulated–demodulated
structure was introduced for tracking control of sine waves, where
the reference parameters are required for indirect injection into the
structure.
In Bazaei and Moheimani (2013), we presented direct injection of the sinusoidal reference into the modulated–demodulated
structure for tracking control with no prerequisite on the reference coefficients. In addition, an exact analysis of modulated–demodulated control systems was presented in Bazaei and
Moheimani (2013) along with one realization method for secondorder LTI compensators with distinct complex poles. However, alternative realization approaches to the second and higher order
transfer functions were not discussed in Bazaei and Moheimani
(2013) and only a high bandwidth controller was investigated,
where effects of measurement noise and digital implementation of
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Fig. 1. (a) Schematic diagram of modulated–demodulated control system. (b) Simplified diagram for stability analysis.

controller were ignored. Note that the previously reported modulated–demodulated control systems such as Hendrickson and
M’Closkey (2012) and Lau et al. (2007), which were implemented
digitally, used sampling rates that were much higher than the plant
bandwidth, hindering a valid evaluation of controller discretization
effect on the closed-loop performance. Moreover, robustness of
modulated–demodulated structures to baseband parameters has
not been addressed at moderate and low control bandwidths.
As shown in Fig. 1(a), in a modulated–demodulated control
system, controller outputs are modulated by a pair of sine waves
before they are applied to the plant. Using low-pass filters F1
and F2 , the plant output y is then demodulated before being
processed by the controller. If the frequency of the sine waves
is sufficiently higher than the filter bandwidths, the system will
contain two-time-scale signals. Generally, the signals after the
low-pass filters and prior to the modulators are slowly varying
compared to the plant input and output. The slow time scale in
the controller part has the merit of overcoming high frequency
design limitations, especially when high bandwidth compensators
are required. Such compensators may require extremely high
sampling rates for a traditional digital implementation. Using
modulated–demodulated strategy, one can use digital methods
with limited sampling rates in the baseband to realize high
frequency compensators, which may not be implemented directly.
In this paper, we introduce a set of realization methods for
implementation of LTI compensators with complex poles, using
the modulated–demodulated control system design framework.
We start from the results of an exact analysis that decomposes
the modulated–demodulated controller into equivalent LTI and
LTV (linear-time-varying) components and establishes sufficient
conditions under which the modulated–demodulated controller
becomes equivalent to an LTI compensator (Bazaei & Moheimani,
2013). Then, a number of realization methods are developed such
that any desired transfer function with complex poles can be
implemented by modulated–demodulated structures. This allows
for a class of LTI controllers, obtained e.g. by traditional design
methods, to be implementable using modulated–demodulated
structures. A significant advantage of this approach is that the
closed-loop stability of the system can be guaranteed a priori.
Compared to previous works on modulated–demodulated
control systems, the proposed realization methods establish a
systematic approach to determine the requisite low-pass filters,
baseband transfer functions, and frequency and phase-angles

of the sinusoids used in the modulators and demodulators.
Simulation results are presented for simultaneous stabilization
of undamped plants and tracking of a sinusoidal reference.
The example also demonstrates applicability of the proposed
realization methods. In Section 5, we investigate the performance
of a recent method reported in Hendrickson and M’Closkey (2012),
where two approaches to the injection of sinusoidal references
in modulated–demodulated control systems are detailed. Effects
of measurement noise and discrete-time implementation of the
control system are also considered in the example.
The paper is organized as follows. Section 2 reviews the
requisite results on modulated–demodulated control systems,
which are used to develop the realization methods. Sections 3
and 4 outline different methods to realize LTI compensators
with complex poles using modulated–demodulated structures. In
Section 5, applications of the proposed realization methods are
demonstrated through a case study. We summarize the results in
Section 6.
2. Problem statement
Consider the generalized modulated–demodulated control
system depicted in Fig. 1(a). In the absence of the baseband
reference signals r1 and r2 , the filters and the transfer functions in
the baseband part can be combined as shown in Fig. 1(b), where:
A(s)
D(s)



C ( s)
H (s)
= a
B(s)
Hd (s)



Hc (s)
H b ( s)



F1 (s)
0





0
.
F2 (s)

(1)

Based on the preliminary analysis reported in Bazaei and Moheimani (2013), we use the following facts about the modulated–demodulated control system.
Theorem 1. If the baseband reference signals r1 and r2 in Fig. 1(a) are
zeros, then the modulated–demodulated controller is equivalent to the
parallel combination of LTI and LTV systems, as shown in Fig. 2(a),
where:
Cm (s) = Aγ (s) + Bβ−α (s) + Cβ∗ (s) − D∗γ −α (s)

(2)

and
Aγ (s) =

ejγ A+ + e−jγ A−
2

;

A∗γ (s) =

ejγ A+ − e−jγ A−
2j

(3)
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3. Realization of LTI compensators with distinct complex poles
Consider a strictly proper LTI transfer function with distinct
complex poles, whose partial fraction expansion contains terms as:
a1 s + a0
.
(s + a)2 + ωo2

(7)

Such a transfer function can be realized by parallel combination
of modulated–demodulated structures with each structure representing one term of the expansion. The following theorem provides
two design procedures for each modulated–demodulated structure.
Theorem 2. Any strictly proper second-order LTI system with
complex poles as (7) can be realized by the modulated–demodulated
controller in Fig. 1(b) with phase angles and transfer functions
selected either as:
A(s) =

c2
s+a

C (s) =

;

−c1
s+a

;

γ = 0,

(8)

γ = a tan 2(c1 , c2 )

(9)

or:


A(s) =

b

c12 + c22
s+a

;

C (s) = 0;

where a tan 2 is the four quadrant inverse tangent and:
c2 =
Fig. 2. (a) An equivalence of modulated–demodulated controller. (b) The
equivalence of the closed-loop system after the LTV components are vanished.

and Cβ (s), Cβ∗ (s), Bβ−α (s), B∗β−α (s), Dγ −α (s), and D∗γ −α (s) are defined, similarly. These transfer functions have real coefficients as long
as the coefficients in A(s), . . . , D(s) are real (Bazaei & Moheimani,
2013). The plus and minus superscripts denote replacement of Laplace
variable s by s + jωo and s − jωo , respectively.

Corollary 1. The modulated–demodulated controller in Fig. 1(b) is
equivalent to the LTI system (2) if conditions
A(s) = B(s);

β = γ;

C (s) = −D(s)

α=0

(4)
(5)

are satisfied. Furthermore, the resulting closed-loop system is stable if
and only if the ordinary feedback loop in Fig. 2(b) is stable, where:
Cm (s) = 2Aγ (s) + 2Cγ∗ (s).

(6)

We are interested in design procedures for the modulated–
demodulated structures to realize LTI transfer functions with
complex poles, which are specifically used for tracking and/or
attenuation of sinusoidal exogenous inputs, as well as stabilization
of undesirable resonances. In all realizations presented in this
paper, we assume that conditions (4) and (5) are satisfied.
Transfer functions with complex poles have extensive applications in active vibration control of structurally flexible systems
(Halim & Moheimani, 2001; Kim, Wang, & Brennan, 2011; Pota,
Moheimani, & Smith, 2002). In addition, closed-loop stability of
many vibration suppression techniques with the aforementioned
second-order elements, such as resonant control (Halim & Moheimani, 2001; Pota et al., 2002) and positive position feedback
(Moheimani, Vautier, & Bhikkaji, 2006), is readily guaranteed using negative imaginary system theory (Petersen & Lanzon, 2010).

a1
2

;

c1 =

a0 − a1 a
2ωo

.

(10)

Proof. Assuming the baseband transfer functions (8) and zero
phase angles, conditions (4) and (5) are readily met. Using Eq. (6),
the resulting modulated–demodulated controller is an LTI system
with the following transfer function:
Cm (s) = 2

c2 (s + a) + c1 ωo

(s + a)2 + ωo2

.

(11)

Assuming that the objective transfer function is in the form of (7),
one can readily obtain the parameters of the baseband transfer
functions as in (10). The proof of the alternative design method (9)
is reported in Bazaei and Moheimani (2013). 
In some applications, exact implementation of nonzero phase
angles in sinusoidal sources is difficult. Moreover, when using
multiple modulated–demodulated structures (see Remark 1 in
Bazaei & Moheimani, 2013), the required number of sinusoidal
sources is lowered if they have similar phase angles. Hence, it is
helpful to seek realization methods with zero phase angles such as
the first proposed method in Theorem 2.
4. Realization of a class of fourth-order terms
In this section, we use just one modulated–demodulated
structure to realize any fourth-order transfer function having
complex poles with equal real parts and/or equal imaginary parts.
The design method proposed here can also realize fourth-order
systems with repeated complex poles, the case which cannot be
realized using paralleled modulated–demodulated structures (see
Remark 1 in Bazaei & Moheimani, 2013) designed by the methods
proposed in Theorem 2.
Theorem 3. Any strictly proper fourth-order LTI system with complex
poles as:
a3 s 3 + a2 s 2 + a1 s + a0

[(s + ρ1 )2 + w12 ][(s + ρ2 )2 + w22 ]

,

(12)
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where ρ1 = ρ2 and/or w1 = w2 , can be realized by the
modulated–demodulated controller in Fig. 1(b) with zero phase
angles, if ωo = (w1 + w2 )/2 and the baseband transfer functions
are selected as:
A(s) = B(s) =

R1 s + R0

+ β1 s + β0
I1 s + I0
C (s) = −D(s) = 2
s + β1 s + β0
s2

(13)
(14)

with β1 = ρ1 + ρ2 , β0 = (w1 − w2 )2 /4 + ρ1 ρ2 , and the remaining
parameters determined from (30)–(32) and (35)–(38), respectively.
Proof. Here, R1 , R0 , I1 , I0 , β1 , β0 , and ωo are parameters to be
determined for realization of the objective transfer function. Using
Eq. (6) and having met conditions (4) and (5), one can readily show
that the modulated–demodulated controller in Fig. 1(b) is equal to:
Cm (s) = 2

n1 (s)p1 (s) − n2 (s)p2 (s)
p21

(s) +

p22

(s)

(15)

n1 (s) = R1 s + R0 + ωo I1

(16)

n2 (s) = I1 s + I0 − ωo R1

(17)

p1 (s) = s + β1 s + β0 − ω
2

2
o

(18)

p2 (s) = ωo (2s + β1 ).

(19)

The poles of the equivalent transfer function (15) can be expressed
as:

s1,2,3,4



 2

β1
β

1

+
− β0 ± jωo
−

 2
2

:=
 2


β
β1

1

− −
− β0 ± jωo .
2

(20)

 2
β1
2

−β0 , the poles have either identical

real parts or identical imaginary parts.
If the objective transfer function has complex poles with equal
real parts as:

− ρ ± jw1 ;
−ρ ± jw2 ; (w1 & w2 > 0),
(21)
 2
β
expression 21 −β0 should be negative or zero for (20) to match
(21). In terms of the objective poles (21), the values of β1 , β0 , and
ωo are obtained as follows:
β1 = 2ρ
w1 + w2
ωo =

(22)

w1 − w2
2

+ ρ2.

(24)

If the objective transfer function has complex poles with equal
imaginary parts as:

− ρ1 ± jw;
−ρ2 ± jw; (w > 0),
(25)
 2
β
expression 21 − β0 should be positive or zero for (20) to match
(25). In terms of the objective poles (25), the values of β1 , β0 , and
ωo are obtained as follows:
β1 = ρ1 + ρ2
ωo = w
β0 = ρ1 ρ2 .

(29)

q1 = a3

(30)

β
1
4
q2




2
=

β1
2
q3
β
−1 
p1 − 21  β0 − ωo − 2
2ωo
2ωo

a2 − q1 β1


×
β1  
q1 β0 − ωo2 − a1
a0 +
2


a0 − β0 − ωo2 q2
a0 β 1


q4 =
=−
β
β1 ωo
4ωo p1 − 21





β0 − ωo2 β21 (a2 − q1 β1 ) + β0 − ωo2 q1 − a1


−
.
β
2ωo p1 − 21


2
1



1

and p2 (s) are coprime, which means p1 −

(31)

(32)

(26)
(27)
(28)

β1
2

̸= 0. One can easily

check that this condition is met as long as the imaginary parts of
the objective poles (w , or w1 and w2 ) are not zero. Having obtained
Q1 (s) and Q2 (s), we now equate the multipliers of p1 (s) and p2 (s)
in the numerator of (15) with their corresponding values in (29):
2(R1 s + R0 + ωo I1 ) = q1 s + q2 ,
2(ωo R1 − I0 − I1 s) = q3 s + q4 ,

∀s
∀ s.

(33)
(34)

The remaining parameters of the modulated–demodulated structure are immediately obtained as:
R1 =

q1

R0 =

(35)

2
q3

I1 = −

2

∀ s.

Equating the corresponding polynomial coefficients on both sides
of (29), we obtain the coefficients of Q1 (s) and Q2 (s) as:

(23)

2

β0 =

n(s) = p1 (s)Q1 (s) + p2 (s)Q2 (s),

The above solutions are well defined ifthe two
 polynomials p1 (s)

2

Depending on the sign of



For repeated complex poles at −ρ ± jw , Eqs. (22)–(28) give
consistent answers β1 = 2ρ, β0 = ρ 2 , and ωo = w .
Having determined β0 , β1 , and ωo based on the objective
poles (21) or (25), we now proceed to determine the numerator
parameters in the baseband transfer functions (13) and (14). The
numerator of the equivalent transfer function (15) is to match
that of the objective transfer function, described by a known
3
n
polynomial as n(s) =
n=0 an s . If we assume p1 (s) and p2 (s),
defined in (18) and (19), are coprime polynomials (have no
common roots), we can find first order polynomials Q1 (s) = q1 s +
q2 and Q2 (s) = q3 s+q4 as the solutions of the following polynomial
Diophantine equation (Bronstein, 2005):

 

where:

1819

q2
2

(36)

2

− ωo I1

I0 = ωo R1 −

q4
2

(37)

. 

(38)

5. Illustrative example
In this section, we present an example for stabilization of
undamped resonant plants using modulated–demodulated structures, whose parameters are tuned according to the proposed
methods. The controller also includes internal models for tracking of a biased sinusoidal reference. The benefits of modulated–demodulated structures compared to ordinary feedback
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Fig. 3. Overall control system.

control systems using the equivalent LTI compensators are also revealed when the controller is realized in discrete time domain with
limited sampling times.
We consider a marginally stable plant described by P (s) =
1
with resonance frequency of f = 2ωπ = 1.59 kHz. Our
s2
1+ 2
ω

objective is to track biased sinusoidal references with a frequency
ω
of f1 = 2π1 = 1.1254 kHz. To do this, we first design
an LTI controller in the feedback loop shown in Fig. 3 by a
standard pole assignment method. Then, we slightly modify the
controller so that it can be realized by the minimum number
of modulated–demodulated structures. Here, we assume that
realization of constant gains and first order transfer functions
is trivial and only second-order terms with complex poles are
realized by modulated–demodulated structures. Based on the
internal model principle, the controller should include poles at 0
and ±ω1 i to track the biased sinusoidal reference. We temporarily
add these poles to the plant in order to apply the Ackermann’s
formula for pole assignment as described in (Kailath, 1980). We
also scale down the poles and zeros by a factor of 104 to avoid
possible numerical problems when calculating the inverse matrix.
In this way, the modified plant for pole assignment is represented
as:


P (s) =

1
s(

2s2

+ 1)(s2 + 1)

.

Fig. 4. Frequency responses of the undamped plant, the desired compensator, and
the closed-loop transfer function from measurement noise n to the plant output ya
in the negative feedback loop.

(39)

We use a state-space realization [
A, 
B, 
C,
D] in controller canonical
form for 
P (s) to design an observer state feedback. By assigning the
following stable poles to the closed-loop system, the state feedback
gain vector K is obtained as:
CL poles: = −[0.04, 0.1 ± 1i, 0.1 ± 0.66i]

(40)

K = [0.44, 0.0116, 0.3509, −0.0383, 0.018].

(41)

Similarly, the selected poles and the resulting gains for the
Luenberger observer are as follows:
Observer poles: = −[1.6, 0.2 ± 2i, 1.2 ± 2i]
L = [0.00032, 40.7, 44, 24.8, 8.8]T .
The observer state feedback is equivalent to a compensator in
series with the modified plant in a negative feedback loop. The
transfer function of this compensator is represented as K (sI − 
A+

BK + L
C )−1 L. Since the compensator and the modified plant are in
series, we transfer the internal model poles of the modified plant
back to the compensator without affecting the closed-loop poles.
The resulting compensator provides stability margins of 9.2 dB and
−47.25° for the loop and has the following poles:

− [0, 1.84 ± 0.707i, 0.18 ± 2.11i, 1.32 ± 2.04i].

(42)

Notice that the imaginary parts of the last two pairs of the complex
poles are very close to each other. If they were exactly equal,
only one modulated–demodulated structure could be used by the
method proposed in Section 4 to realize the last two pairs of
the compensator poles in (42). The adequate stability margins
of the loop allow us to make the following slight changes in
the compensator poles, where the imaginary parts for the last
two pairs are equal without significantly affecting the closed-loop
performance:

− [0, 1.84 ± 0.7071i, 0.17 ± 2.2i, 1.3 ± 2.2i].

(43)

Fig. 5. Schematic diagram of the control system in the example.

The stability margins with the modified compensator are 10.76 dB
and −46.6°. The final desired compensator after scaling up by the
factor of 104 can be written in the following form:
Cd (s) =

216.42
s

+

−

6461.94
s + 18400

+

a′1 s + a′0
s2 + ω12

a3 s3 + a2 s2 + a1 s + a0

[(s + ρ1 )2 + ωo2 ][(s + ρ2 )2 + ωo2 ]

,

(44)

where a′1 = 522.75, a′0 = −3.0518 × 106 , a3 = 5.723 × 103 , a2 =
5.24 × 107 , a1 = 5.837 × 1012 , a0 = 4.267 × 1016 , ρ1 = 13, 000,
ρ2 = 1700, and ωo = 22, 000 rad/s. The frequency responses of
the transfer functions associated with the plant, compensator, and
projected noise, shown in Fig. 4, demonstrate that the compensator
is a low gain controller that can highly attenuate the projected
noise by rolling off at high frequencies. Design of such low gain
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(a) Plant output and reference
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(a) Tracking Error

(b) Manipulated plant input

(b) Manipulated plant input

(c) Base–band signals in MDM structure 2 (indirect injection)

(c) Base–band signals in MDM structure 2

(d) Base–band signals in MDM structure 1 (indirect injection)

(d) Base–band signals in MDM structure 1

(e) Tracking error with baseband mismatch
(e) Projected noise at the plant output

Fig. 6. Time response of the closed-loop system. (a) Plant output and the
desired reference. (b) Plant input. (c) Baseband signals in modulated–demodulated
structure 2. (d) Baseband signals in modulated–demodulated structure 1. (e)
Projected noise at the plant output.

compensators that simultaneously stabilize an undamped plant,
include marginally stable poles for perfect tracking, and maintain
adequate stability margins is a very challenging task.
According to the proposed procedure in Section 4, one can
readily realize the last term of the compensator on the right hand
side of (44) using only one modulated–demodulated structure
with a modulation frequency of 22,000 rad/s. Using (30)–(32), we
obtain:
q1 = 5.723 × 103 ,

q2 = 4.142 × 107

q3 = −1.662 × 103 ,

q4 = 1.911 × 108 ,

and from (35) to (38), we have:
R1 = 2.861 × 103 ,

I1 = 831.23

R0 = 2.425 × 106 ,

I0 = −3.261 × 107 .

Having determined the baseband transfer functions (13) and (14)
ρ1
and selecting the low-pass filters in Fig. 1(a) as F1 = F2 = ρ +
,
1 s
transfer functions Ha (s), Hb (s), . . . , and Hd (s) are obtained from (1)
as:
Ha = Hb = ka +

ra
s + ρ2
rc

Hc = −Hd = kc +

s + ρ2

(45)
(46)

Fig. 7. Time response of the closed-loop modulated–demodulated systems with
indirect application of the a biased sinusoidal reference. (a) Tracking error along
with that of direct injection method (Fig. 6). (b) Plant input along with that of
direct injection method (Fig. 6). (c) Baseband signals in modulated–demodulated
structure 2. (d) Baseband signals in modulated–demodulated structure 1. (e) Effect
of mismatch in baseband gains of modulated–demodulated structure 2 on the
tracking error, where only the top gain c2 in Fig. 5 is reduced four times.

where ka = 0.2201, ra = −187.6, kc = 0.0639, and rc = −2617.
Considering the modulated–demodulated structure in Fig. 1(a), we
use the following state-space representation for the two-inputtwo-output system from U = [u1 ; u2 ] to Y = [uc ; us ], as shown
in Fig. 5.
Ẋ = −ρ2 X + B1 U

(47)

Y = X + D1 U

(48)

where B1 = [ra , rc ; −rc , ra ] and D1 = [ka , kc ; −kc , ka ].
We also realize the third term of the compensator in
(44), which is a second-order transfer function, by another
modulated–demodulated structure with a modulation frequency
of ω1 . To do this, we use the first method proposed in Theorem 2,
where a = 0 and ωo = ω1 . Using (10) and the coefficients in the
numerator of the third term in (44), we obtain c2 = 261.4 and
c1 = −215.8. The baseband transfer functions are obtained as:
A(s) = B(s) =

c2
s

;

C (s) = −D(s) =

−c1
s

.

(49)

Using (1), the baseband implementation can further be simplified
if we choose filters F1 (s) and F2 (s) in Fig. 1(a) as unity gain
integrators, and Ha , Hb , Hc , and Hd as constant gains, as shown in
the second modulated–demodulated (MDM) structure in Fig. 5.
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(a) Plant output and reference

(e) Projected noise at the plant output

(b) Manipulated plant input

(f) Tracking error

(c) Base–band signals in MDM structure 2

(g) States of the discretized system in MDM structure 1

(d) Base–band signals in MDM structure 1

(h) Measured and actual plant outputs in steady–state

Fig. 8. Time response of the closed-loop modulated–demodulated systems with direct application of the reference, when the state dynamics in the baseband of
modulated–demodulated structure 1 are discretized by a sampling frequency of 5 kHz. (a) Plant output and reference. (b) Plant input. (c) Baseband signals in
modulated–demodulated structure 2. (d) Baseband signals in modulated–demodulated structure 1. (e) Projected noise. (f) Tracking error. (g) States of the discretized system.
(h) A close-up view of noisy measured output used for feedback, actual plant output, and the reference signal in steady-state.

Simulation results, shown in Fig. 6, confirm the acceptable closedloop performance of the system with a reference signal r = 1 +
sin(ω1 t + π /4) (constants r0 , r1 , and r2 in Fig. 5 are zeros) in the
presence of a white noise with the RMS value of 0.0148, where
the projected noise at the plant output ya has a very low RMS
value of 1.55 × 10−4 . As shown in Fig. 6, the baseband signals
have high frequency components corresponding to the modulation
frequencies that vanish during the transient.
An alternative method of tracking a sinusoid reference as,
r (t ) = r0 + r1 cos(ω1 t ) + r2 sin(ω1 t ),

(50)

using a modulated–demodulated structure, is to inject constants
r0 , r1 , and r2 into the system as shown in Fig. 5 (Hendrickson
& M’Closkey, 2012). We call this method indirect injection as
direct application of the reference signal r (t ) is stopped, while its
coefficients and bias are applied as constant references before the
integrators. When the closed-loop system is stable, the integral
actions keep zero DC levels for signals y′c and y′s in steady-state.
The DC components at outputs of the demodulator multipliers
in modulated–demodulated structure 2 in Fig. 5 also represent
the coefficients of the cosine and sine components of the plant
output multiplied by −1 (due to the negative feedback). Hence,
they should match the corresponding values of the reference signal
under stationary conditions. Using the same reference and noise
signals as before, the simulation results with indirect injection of
the sinusoid are shown in Fig. 7, where some graphs also include
the previous results obtained by direct injection of the reference
for comparison purposes. The projected noise, which is not shown,

has a similar behavior as the direct injection method in Fig. 6. It
is seen that the transient performance has been slightly improved
compared to the direct injection method. In addition, the baseband
signals do not converge to constant values anymore.
Notice that in both direct and indirect injection methods,
the modulated–demodulated control systems can tolerate large
individual variations either in the baseband gains (increase or
decrease at least by a factor of 4) or in the phase angles of the
sinusoidal sources used in the modulators and the demodulators
(at least ±60°), which indicates high robust stability of the system
against mismatch in designed parameters. However, in spite
of the direct injection method, such variations in the indirect
injection method can produce unacceptable non-zero steadystate tracking errors, as typically shown in Fig. 7(e). Hence,
the modulated–demodulated system using the direct injection
method performs better, when high uncertainties exist in the
designed parameters.
Remark 1. In this example, the compensator has a small gain
such that the closed-loop bandwidth is less than the resonance
frequency of the plant. The small gain compensator causes a
slow transient at the expense of attenuation of projected noise.
To improve the transient, one can design compensators with
larger gains and adequate gain and phase margins, resulting
in a large closed-loop bandwidth and highly polluted plant
output. In addition, simulations indicate that the parameters
of modulated–demodulated structures realizing such high gain
compensators can have poor tolerances in the closed-loop system
(Bazaei & Moheimani, 2013).
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To assess how the modulated–demodulated system assists in
digital implementation of the control system, we discretized
the second-order state-space system described by Eq. (47)
using the triangular approximation with a sampling frequency
of 5 kHz (Franklin, Powell, & Workman, 1990). In this way,
only the part surrounded by the dotted line in the baseband
of modulated–demodulated structure 1 in Fig. 5 operates in
a discrete time domain. Notice that the original fourth-order
transfer function realized by this structure has complex poles
with magnitudes of 4 and 3.5 kHz, which are too high to
directly discretize the transfer function with the selected sampling
rate. Simulation results of this hybrid control system, using
the direct injection of the reference and the same exogenous
signals as before, are shown in Fig. 8, which shows that the
acceptable performance of the modulated–demodulated system is
still preserved after the discretization of second-order system in
the baseband. The RMS value of the projected noise, which is now
1.9 × 10−4 , does not significantly increase after the discretization.
It will increase to 56 × 10−4 with considerable deterioration of
the tracking error if we apply the discretization process to the
low-pass filters as well, as shown in Fig. 8(e) and (f). This justifies
the use of analog filters in the demodulators to prevent aliasing
during the discretization. Notice that a similar discretization of
the compensator (44) (i.e. implementing the last two fractions
with complex poles in discrete-time domain without using any
modulated–demodulated structures) renders the control system
into instability due to the insufficiently low sampling rate.

6. Conclusion
Realization methods were developed that provide systematic procedures to specify the components used in a modulated–demodulated structure, based on a predetermined desired
LTI compensator with complex poles. These methods include two
approaches for second-order transfer functions, one with zero
phase angles in demodulator sinusoids and the other with zero
cross coupling baseband terms, in addition to a realization scheme
for fourth-order transfer functions. Simulation results were presented, demonstrating the application of the realization methods
in control of an undamped plant using a low gain compensator
for attenuation of the projected noise. We also demonstrated how
modulated–demodulated structures can reduce the sampling frequency in hybrid control systems, where digital implementation
is used in the baseband. However, using digital low-pass filters in
the demodulators with baseband sampling frequency is not recommended due to their adverse effect on the projected noise. In
contrast to a recent modulated–demodulated control system for
tracking of a sinusoidal reference (Hendrickson & M’Closkey,
2012), which uses indirect injection of reference signal, direct reference injection in the modulated–demodulated system provides
robustness against variations of the controller parameters.
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