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Abstract. In this paper we consider a guaranteed cost control problem for a class of uncertain discrete-time
systems which contain structured uncertainties. The uncertainties are assumed to satisfy a certain sum quadratic
constraint. The controller will be a minimax controller in the sense that it minimizes the maximum value of a
cost function. For a given initial condition, the minimax optimal controller is constructed by solving a parameter
dependent Riccati equation. This controller guarantees absolute stability of the closed loop system.

1. Introduction

The Linear Quadratic Regulator is known to provide good robustness in terms of gain margin
and phase margin [1]. It is an important synthesis tool in the design of state feedback control
systems. However, it does not provide robustness against more general types of uncertainty
considered in the recent robust control literature; e.g, see [2], [3], [4]. Therefore, it is
of interest to extend the linear quadratic regulator to the case of plants with uncertain
parameters.

In [5] the linear quadratic regulator is extended to the case of uncertain discrete-time
systems with norm bounded uncertainty. In that paper, the controller is obtained by solving
a game type Riccati equation. The controller guarantees the quadratic stability of the closed
loop system and minimizes an upper bound on a linear quadratic cost function.

In this paper, we consider a more general class of uncertain discrete-time systems. The
uncertainties are required to satisfy a certainSum Quadratic Constraint(see [6], [7], [8]).
This class of uncertainties was first considered by Yakubovich [9], [10], [11], and is a rich
uncertainty class which allows for nonlinear, time-varying dynamic uncertainties. Further-
more, in contrast to [5], we allow for structured uncertainties. We will develop a Riccati
equation approach to the robust LQR control which is closely related to the method devel-
oped in [5]. We will show that for the class of uncertain systems considered in this paper,
this controller actually solves a minimax optimal control problem. That is, we obtain a
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controller which minimizes the maximum (over all admissible uncertainties) value of the
cost function.

The problem of designing a minimax optimal controller for linear continuous-time systems
with structured uncertainty was first considered in [12]. In that paper, the uncertainties are
required to satisfy a certainIntegral Quadratic Constraint, which is the continuous-time
analog of theSum Quadratic Constraintconsidered in this paper. However, since most
practical implementations of modern control theory involves the use of computer control,
it is desirable to have a discrete-time version of the results of [12]. Hence, the main
contribution of this paper is to extend the main results of [12] to the case of uncertain
discrete-timesystems with structured uncertainty.

A restriction in applying results of this paper is that the controller must be designed
for a specific known initial condition. This requirement may be too restrictive for some
applications, but it arises naturally in a number of control problems. A good example of
such a case is the tracking problem considered in [12].

At this stage, we point out that the problem of designing controllers for uncertain systems
with structured uncertainty has been considered by many authors so far. In particular,
considerable research has been done on theµ-analysis andµ-synthesis procedures; e.g.
see [13], [14] and [15] and references therein. However, such techniques use a different
uncertainty description than considered here which does not allow for nonlinear time varying
uncertainties. Also, theµ-synthesis procedure is considerably more complicated than the
synthesis procedure proposed here. Moreover, theµ-synthesis procedure does not allow
for a quadratic cost function. For a good review ofµ-techniques refer to [15].

The remainder of the paper proceeds as follows. In Section 2, we define the class of
uncertain systems under consideration together with a corresponding notion of absolute
stability. Also in this section, we define the class of guaranteed cost controllers for a
given initial condition. A state feedback controller is a guaranteed cost controller if the
corresponding closed loop value of the cost function can be bounded for all admissible
uncertainties. In Section 3, we show that a guaranteed cost controller can be constructed
by solving a certain parameter dependent algebraic Riccati equation and furthermore, this
controller leads to an absolutely stable closed loop system. In Section 4, we show that
by optimizing over the parameters entering into the Riccati equation, the minimax optimal
controller can be obtained for a given initial condition. In Section 5, we extend our results
to the case in which the cost function contains cross product terms of state and control. In
Section 6, we present an illustrative example.

2. Definitions

In this paper we consider the uncertain discrete-time linear system defined by

x(k + 1) = Ax(k) +Bu(k) +
r∑
i=1

Diξi(k)

z1(k) = H1x(k) +G1u(k)
z2(k) = H2x(k) +G2u(k)
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...

zr(k) = Hrx(k) +Gru(k) (1)

wherex(k) ∈ Rn is thestate, u(t) ∈ Rm is thecontrol input, z1(k) ∈ Rp1 , ..., zr(k) ∈
Rpr are theuncertainty outputsand ξ1(k) ∈ Rq1 , ..., ξr(k) ∈ Rqr are theuncertainty
inputs.

Associated with this system is the cost function

F0 =
∞∑
k=0

{x(k)′Qx(k) + u(k)′Ru(k)} (2)

whereQ = Q′ > 0, andR = R′ > 0 are given weighting matrices. Note, it may be possible
to relax the assumption onQ to Q ≥ 0. However, the relaxation of this assumption will
introduce many technical problems and hence is relegated to further research.

The uncertainty in the system (1) is described by the following equations:

ξ1(k) = φ1(k, x(·)|k0 , u(·)|k0)
ξ2(k) = φ2(k, x(·)|k0 , u(·)|k0)

...

ξr(k) = φr(k, x(·)|k0 , u(·)|k0). (3)

The uncertainty described by the above equations is required to satisfy a certainSum
Quadratic Constraint, described below.

Definition 1. (Sum Quadratic Constraint) LetM1 > 0,M2 > 0, ...,Mr > 0, be given
positive-definite matrices. Then an uncertainty of the form (3) is anadmissible uncertainty
for the system (1) if given any control inputu(·) and any corresponding solution to the
equations (1), (3), then there exists a sequence{kj}∞j=1 such thatkj →∞, kj ≥ 0 and

kj∑
k=0

‖ξi(k)‖2 ≤ x(0)′Mix(0) +
kj∑
k=0

‖zi(k)‖2 (4)

for all j and fori = 1, 2, ..., r. Here‖ · ‖ denotes the standard Euclidean norm.

This is a discrete-time version of theIntegral Quadratic Constraintfor continuous-time
uncertain systems; e.g see [12],[16], [17].
Remarks The matricesM1,M2, ...,Mr determine themeasure of mismatchbetween given
uncertainty input and the followingHomogeneous Sum Quadratic Constraint:

kj∑
k=0

‖ξi(k)‖2 ≤
kj∑
k=0

‖zi(k)‖2.
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This definition of uncertainty allows for the uncertainty inputξi(k) to depend dynamically
onx(k) andu(k). In this case, the matricesMi can be regarded as defining a bound on the
size of the initial conditions on the uncertainty dynamics.

It is clear that the uncertain system (1), (3) allows for uncertainty satisfying norm bound
condition. This is true if

ξi(k) = ∆i(k) [Hix(k) +Giu(k) ]

where∆i(k) is a time-varying uncertainty matrix satisfying‖∆i(k)‖ ≤ 1 for k = 0, 1, 2, ...
and‖ · ‖ denotes the standard induced matrix norm. This uncertainty satisfies condition (4)
with anykj and withMi > 0. In this case, the uncertain system is described by the state
equations

x(k + 1) =

(
A+

r∑
i=1

Di∆i(k)Hi

)
x(k) +

(
B +

r∑
i=1

Di∆i(k)Gi

)
u(k).

Consider a dynamic state feedback controller of the form

x̂(k + 1) = Âx̂(k) + B̂x(k);
u(k) = Ĉx̂(k) + D̂x(k). (5)

If this controller is applied to the uncertain system (1), (3), the resulting closed loop uncertain
system will be described by the following state equations:

h(k + 1) = Th(k) + D̃ξ(k);
z(k) = H̃h(k);
u(k) = Uh(k) (6)

where,

h(k) =
[
x(k)
x̂(k)

]
, ξ =

 ξ1(k)
...

ξr(k)

 , z(k) =

 z1(k)
...

zr(k)

 , T =
[
A+BD̂ BĈ

B̂ Â

]

D̃ =
[
D1 . . . Dr

0 . . . 0

]
, H̃ =

 H1 +G1D̂ G1Ĉ
...

...
Hr +GrD̂ GrĈ

 , U =
[
D̂ Ĉ

]
. (7)

The uncertainties for this closed loop system will be described by

ξ1(k) = φ1(k, h(·)|k0)
ξ2(k) = φ2(k, h(·)|k0)

...

ξr(k) = φ(k, h(·)|k0) (8)
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where the sum constraint given above is satisfied but with the substitutionu(k) = Uh(k).
In the next section, we will consider the problem of minimizing the worst case of the cost
function (2) via a linear state feedback controller of the form (5).

Definition 2. The controller (5) is said to be aguaranteed cost controllerfor the uncertain
system (1), (3) with the cost function (2) and initial conditionx(0) = x0 if the following
conditions hold:

(i). The matrixT defined in (7) is stable. That is, all of its eigenvalues lie inside the open
unit disc.

(ii). There exists a constantc0 > 0 such that for all admissible uncertainties, the solution
of the closed loop uncertain system (6), (8) with initial conditionh(0) = [x′0 0]′ has
the following property:

[x(·), u(·), ξ1(·), ..., ξr(·)] ∈ l2+

and the corresponding value of the cost (2) satisfies the boundF0 ≤ c0.
Here l2+ denotes the Hilbert space of vector sequences{x(k)}∞k=0 such that∑∞
k=0 ‖x(k)‖2 <∞.

Definition 3. The uncertain system (1), (3) with the cost function (2) is said to beguaranteed
cost stabilizablewith initial conditionx(0) = x0 if it admits a guaranteed cost controller
of the form (5) with this initial condition.

Later, we will show that existence of a dynamic state feedback guaranteed cost controller
of the form (5) is a sufficient condition for existence of a static state feedback controller of
the form

u(k) = K x(k). (9)

The following definition extends the standard definition of absolute stability to the case of
closed loop discrete-time uncertain systems of the form (6), (8).

Definition 4. A closed loop uncertain system defined by (6), (8) is said to beabsolutely
stable if there exists a constantc > 0 such that given any admissible uncertainty and
any initial conditionh(0) = h0 for the discrete-time uncertain system (6), (8), then all
corresponding solutions to equations (6), (8) satisfy[h(·), ξ1(·), ..., ξr(·)] ∈ l2+ and

‖h(·)‖22 +
r∑
i=1

‖ξi(·)‖22 ≤ c‖h0‖2. (10)

Here,‖ϕ(·)‖2 denotes thel2 norm of the sequenceϕ(·). That is,‖ϕ(·)‖22 =
∑∞
k=0 ‖ϕ(k)‖2.

Remark If the discrete-time uncertain system (6), (8) is absolutely stable, then it follows
from the definition of absolute stability thath(k)→ 0 ask →∞. In fact, since[h(·), ξ(·)] ∈
l2+, we conclude that[h(k), ξ(k)] → 0 ask → ∞. Also, the system (6) withξ(k) ≡ 0
will be asymptotically stable.
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3. The Guaranteed Cost Controller

The next theorem is one of the main results of this paper. It gives a procedure for constructing
a guaranteed cost controller for the uncertain system (1), (3) which minimizes the maximum
value of the cost function (2) over all admissible uncertainties.

Theorem 1 Consider the uncertain system (1), (3) with cost function (2). Suppose that
there exist parametersτ1 > 0, ..., τr > 0 such that the following parameter dependent
Riccati equation has a positive definite solutionP > 0,

(A−B(G′G)−1G′H)′(P−1 +B(G′G)−1B′ −DD′)−1(A−B(G′G)−1G′H)
−P +H ′(I −G(G′G)−1G′)H = 0 (11)

which satisfies the condition,

I −D′PD > 0 (12)

where

H =


Q

1
2

0√
τ1H1

...√
τrHr

 , G =


0
R

1
2√

τ1G1

...√
τrGr

 , D =
[

1√
τ1
D1 ... 1√

τr
Dr

]
. (13)

Then the control law defined by

u(k) = −(G′G)−1

×{B′(P−1 +B(G′G)−1B′ −DD′)−1(A−B(G′G)−1G′H) +G′H}x(k) (14)

is a guaranteed cost controller for this uncertain system with any initial conditionx0 ∈ Rn.
Furthermore, the corresponding value of the cost function (2) satisfies the bound

F0 ≤ x′0Px0 +
r∑
i=1

τix
′
0Mix0. (15)

for all admissible uncertainties. Moreover, the closed loop uncertain system (1), (3), (13)
is absolutely stable.

Proof: Suppose there exist parametersτ1 > 0, ..., τr > 0, such that Riccati equation (11)
has a positive definite solutionP > 0, and assume thatx0 ∈ Rn is a given initial condition
for the uncertain system (1), (3). To prove the first part of the theorem, consider the closed
loop system obtained by applying the controller (13) to the system (1), (3):

x(k + 1) = (A+BK)x(k) + D̄ξ(k)
z(k) = H̄x(k)
u(k) = K x(k) (16)
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where,

K = −(G′G)−1{B′(P−1 +B(G′G)−1B′ −DD′)−1(A−B(G′G)−1G′H) +G′H}
(17)

D̄ =
[
D1 ... Dr

]
, H̄ =

 H1 +G1K
...

Hr +GrK


Now, for the given initial conditionx(0) = x0, define a functionalFτ as follows:

Fτ (x(·), u(·), z(·), ξ(·)) := F0(x(·), u(·)) +
r∑
i=1

τi(‖zi(·)‖22 − ‖ξi(·)‖22). (18)

In order to prove the theorem, we need the following claim.
Claim: SupposeP > 0 is the minimal positive definite solution to the Riccati equation
(11), which satisfies (12), and consider the system (16) with initial conditionx(0) = x0.
Then

sup
ξ(·)∈l2+

Fτ (x(·), u(·), z(·), ξ(·)) = x′0Px0.

To establish the claim, we consider a differential game in which the underlying system is
described by the following state equations

x(k + 1) = Ax(k) +Bu(k) +Dw(k), x(0) = x0 (19)

and the corresponding cost function isL(u(·), w(·)) =
∑∞
k=0(‖z(k)‖2−‖w(k)‖2) , where

z(k) = Hx(k) + Gu(k) andD, H, andG are defined as in (13). In this gameu(k) is
the minimizing player input andw(k) is the maximizing player input. With these defini-
tions, the system (19) may be rewritten as (1) withw(·) = [

√
τ1ξ1(·)′, ...,√τrξr(·)′]′.

Similarly with this substitution, the functionalL(u(·), w(·)) is equal to the functional
Fτ (x(·), u(·), z(·), ξ(·)) defined in (18).

Now, according to Theorem 3.7 and Section 3.5.1 of [18],supw∈l2+
L(u(·), w(·)) =

x′0Px0 whereu(·) is defined by (13). Therefore,supξ(·)∈l2+
Fτ (x(·), u(·), z(·), ξ(·)) =

x′0Px0. Furthermore, it follows from Theorem 3.7 and Section 3.5.1 of [18] that the matrix

A−B(G′G)−1{B′(P−1 +B(G′G)−1B′ −DD′)−1(A−B(G′G)−1G′H) +G′H}

is stable. That is, the system (16) is asymptotically stable. This completes the proof of the
claim.

We now consider the closed loop uncertain system described by equations (16) and (3).
Given any admissible uncertainty for this system, let

λ0(·) = [x0(·), u0(·), z0(·), ξ0(·)]
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be a corresponding solution to the system with initial conditionx0(0) = x0. Furthermore,
let the sequence{kj}∞j=1 be as defined in Definition 1 and consider a corresponding se-
quenceλj(·) = [xj(·), uj(·), zj(·), ξj(·)] of vector functions defined by the initial condition
xj(0) = x0 and inputsξj(·) defined as:

ξj(k) =
{
ξ0(k) for k = 0, 1, ..., kj ;
0 for k = kj + 1, kj + 2, ...

It is clear thatλj(k) = λ0(k) for k = 0, 1, ..., kj . Also, since the matrixA+BK with K
defined by (16) is stable, we conclude thatλj(·) ∈ l2+. Therefore, Claim 1 implies that

F0(xj(·), uj(·)) +
r∑
i=1

τi(‖zji (·)‖22 − ‖ξ
j
i (·)‖22) ≤ x′0Px0.

This, combined with inequality (4) implies that

F0(xj(·), uj(·)) ≤ x′0Px0 +
r∑
i=1

τix
′
0Mix0 (20)

for all j. Now as in Definition 1 we havekj →∞. Therefore, we conclude thatλ0(·) ∈ l2+.
Also, (20) implies that (15) is satisfied.

We now prove that the closed loop uncertain system (16), (3) is absolutely stable. We
proved above that for any admissible uncertainties, all solutions of the closed loop system
are such that[x(·), u(·), ξ(·)] ∈ l2+. Therefore, if we establish inequality (10), the absolute
stability of the system (16), (3) is proved. We have already established inequality (15).
This together with the fact thatQ > 0, implies that there exists a constantc1 > 0 such that
‖x(·)‖22 ≤ c1‖x0‖2 for all the solutions to the closed loop uncertain system. Furthermore,
the constraint (4) and equation (13) imply that there exist constantsc2 > 0 andc3 > 0
such that‖ξi(·)‖22 ≤ c2‖x(·)‖22 + c3‖x0‖2 for all the solutions to the closed loop uncertain
system and alli = 1, ..., r. Hence,

‖x(·)‖22 +
r∑
i=1

‖ξi(·)‖22 ≤ (rc2 + 1)‖x(·)‖22 + rc3‖x0‖2

≤ {(rc2 + 1)c1 + rc3}‖x0‖2.

Therefore, the closed loop uncertain system is absolutely stable. Hence, the proof is
complete.

4. Existence of a Guaranteed Cost Controller

In this section we present a theorem which shows that the controller construction given in
Theorem 1 can be used to construct a controller which approaches the minimax optimum.
First, we present two preliminary lemmas which are required in the proof. The first lemma
is a discrete-time version of Lemma 3.1 of [12], which is itself based on results of [19], and
[20].
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We consider a linear discrete-time system of the form:

η(k + 1) = Φη(k) + Λµ(k); η(0) = η0

σ(k) = Πη(k) (21)

whereΦ is a stability matrix; i.e. Re(λi(Φ)) < 1. Corresponding to this system we
consider a setM defined by:

M :=
{
λ(·) =

[
σ(·)
µ(·)

]
: {σ(·), µ(·)} are related by (21), µ(·) ∈ l2+ andη(0) = η0

}
.

(22)

Since the system (21) is stable, andµ(·) ∈ l2+, we can conclude thatσ(·) ∈ l2+. Therefore,
M⊂ l2+. Also, we consider the following set of functionals mappingM to R;

F0(λ(·)) := γ0 +
∞∑
k=0

λ(k)′N0λ(k)

F1(λ(·)) := γ1 +
∞∑
k=0

λ(k)′N1λ(k)

...

Fr(λ(·)) := γr +
∞∑
k=0

λ(k)′Nrλ(k) (23)

whereN0, N1, ..., Nr are given matrices andγ0, γ1, ..., γr are given constants. For this
set of functionals, a corresponding setR ⊂M is defined as follows:

R := {λ(·) ∈M : F1(λ(·)) ≥ 0, F2(λ(·)) ≥ 0, ..., Fr(λ(·)) ≥ 0}.

The following lemma is a discrete-time version of S-procedure theorem (see [19],[20])

Lemma 1 Consider a system of the form (21), a setM of the form (22) and a set of
functionals of the form (23). Suppose that these functionals have the following properties:

(i). F0(λ(·)) ≤ 0 for all λ(·) ∈ R ;

(ii). There exists aλ(·) ∈M such thatF1(λ(·)) > 0, F2(λ(·)) > 0, ..., Fr(λ(·)) > 0.

Then there will exist constantsτ1 ≥ 0, τ2 ≥ 0, ..., τr ≥ 0 such that

F0(λ(·)) +
r∑
i=1

τiFi(λ(·)) ≤ 0

for all λ(·) ∈M.

Proof: The proof follows the same lines as [19],[20], and [8].
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The above lemma allows us to prove the following result which is related to the existence
of a guaranteed cost controller.

Lemma 2 Let x0 ∈ Rn be a given non-zero initial condition and letc1 > 0 be a given
constant. Also define the setΓ as,

Γ :=
{
τ = [τ1 , τ2 , ... , τr] ∈ Rr : τ1 > 0, τ2 > 0, ..., τr > 0
&The Riccati equation (11) has a solutionP > 0 which satisfies (12)

}
,

and letΩ be the set of all admissible uncertainties for the uncertain system (1), (3) as
defined in Definition 1. Then the following statements are equivalent:

(i). The uncertain system (1), (3) with the cost function (2) and initial conditionx0 has a
guaranteed cost controller of the form (5) such that

sup
ξ(·)∈Ω

F0 < c1. (24)

(ii). There exists aτ ∈ Γ such that

x′0Px0 +
r∑
i=1

τix
′
0Mix0 < c1. (25)

Proof: (i)⇒ (ii) Letx0 be a given non-zero initial condition and suppose the uncertain
system (1), (3) is guaranteed cost stabilizable by the controller (5) and with initial condition
x0. We can apply Lemma 1 to the corresponding closed loop system (6). Now, we define
the setM0 to be the set of the vector functionsλ(·) = [x(·), u(·), z(·), ξ1(·), ..., ξr(·)] =
[x(·), u(·), z(·), ξ(·)] ∈ l2+ connected by (6) with initial conditionh(0) = [x′0 0]′. We also
define the functionalsF1,F2, ...,Fr mappingM0 to R as:

Fi(x(·), u(·), z(·), ξ(·)) := ‖zi(·)‖22 − ‖ξi(·)‖22 + x′0Mix0 for i = 1, 2, ..., r.

Inequality (24) implies that, there exists a constantδ > 0 such that the cost functionF0

given in (2) satisfies the bound

(1 + δ)F0(x(·), u(·)) ≤ c1 − δ (26)

for all λ(·) = [x(·), u(·), z(·), ξ(·)] ∈ M0 such thatF1(λ(·)) ≥ 0, ...,Fr(λ(·)) ≥ 0. Note
that the inequalitiesF1(λ(·)) ≥ 0, ...,Fr(λ(·)) ≥ 0 follow from (4) sinceξ(·) ∈ Ω is an
admissible uncertainty. Now, we define the functionalF0 as

F0(x(·), u(·), z(·), ξ(·)) := (1 + δ)F0(x(·), u(·))− c1 + δ.

Inequality (26) implies that condition (i) of Lemma 1 is satisfied. It can also be seen that
sinceM1 > 0,M2 > 0, ...,Mr > 0, if we chooseξ(k) ≡ 0 then the corresponding
vector functionλ(·) ∈ M0 is such thatF1(λ(·)) > 0, ...,Fr(λ(·)) > 0. Hence, condition
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(ii) of Lemma 1 is satisfied. Therefore, this lemma implies that there exist constants
τ1 ≥ 0, ..., τr ≥ 0 such that

F0(λ(·)) +
r∑
i=1

τiFi(λ(·)) ≤ 0 (27)

for all λ(·) ∈M0.
Now define functionalsFτ , andF δτ as,

Fτ (x(·), u(·), z(·), ξ(·)) := F0(x(·), u(·)) +
r∑
i=1

τi(‖zi(·)‖22 − ‖ξi(·)‖22), (28)

and,

F δτ (x(·), u(·), z(·), ξ(·)) := δF0(x(·), u(·)) + Fτ (x(·), u(·), z(·), ξ(·)). (29)

It follows from (27) that

F δτ (λ(·)) ≤ c1 − δ −
r∑
i=1

τix
′
0Mix0 (30)

for all λ(·) ∈M0.
Now letM00 be the set of the vector functionsλ(·) = [x(·), u(·), z(·), ξ(·)] ∈ l2+

connected by (6) with the initial conditionh(0) = 0. We now establish a series of claims
which will be used in the proof of the lemma.
Claim 1: F δτ (λ(·)) ≤ 0 for all λ(·) ∈M00.

Suppose the claim does not hold, then there exists a vector functionλ(·) = [x(·), u(·), z(·),
ξ(·)] ∈ M00 such thatF δτ (λ(·)) > 0. Associated with this vector function, leth(·) be the
corresponding solution to (6) with initial conditionh(0) = [x′0 0]′ and inputξ(·) ≡ 0.
Now, let λ0(·) = [x0(·), u0(·), z0(·), 0] be the corresponding element ofM0 associated
with h(·). Since the system (6) is linear it follows that

aλ(·) + λ0(·) ∈M0 ∀a ∈ R.

Further, sinceF δτ is a quadratic functional, we can write

F δτ (aλ(·) + λ0(·)) = a2F δτ (λ(·)) + af(λ(·), λ0(·)) + F δτ (λ0(·))

wheref(·, ·) is a corresponding bilinear form. However, sinceF δτ (λ(·)) > 0, it follows
that

lim
a→∞

F δτ (aλ(·) + λ0(·)) =∞

which contradicts (30). Therefore, the claim has been established.
Claim 2: τi > 0 for all i = 1, ..., r.
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Claim 1 implies that

F δτ (x(·), u(·), z(·), ξ(·))

=
∞∑
k=0

[
(1 + δ)(x(k)′Qx(k) + u(k)′Ru(k)) +

r∑
i=1

τi(‖zi(k)‖2 − ‖ξi(k)‖2)

]
≤ 0 (31)

for all vector functionsλ(·) = [x(·), u(·), z(·), ξ(·)] ∈ l2+ connected by (6) with initial
conditionh(0) = 0.

Now supposeτj = 0 for somej, and consider an input functionξ(·) defined so thatξj(·) 6=
0 andξs(·) ≡ 0 for s 6= j. For such an input, (31) implies thatF δτ (x(·), u(·), z(·), ξ(·)) = 0.
Furthermore, sinceQ > 0 andR > 0, this implies thatx(·) ≡ 0 andu(·) ≡ 0. However,
sinceDj 6= 0, we can chooseξj(·) such thatDjξj 6= 0. Thus, we havex(·) ≡ 0 and
Djξj 6= 0. Therefore, we can conclude thatτi > 0 for all i = 1, ..., r. This completes the
proof of the claim.
Claim 3: The Riccati equation (11) has a minimal positive definite solutionP > 0, which
satisfies (12).

Consider the functionalFτ defined in (28). SinceF δτ = δF0 + Fτ , then Claim 1 implies

Fτ (λ(·)) ≤ −δF0(x(·), u(·)) (32)

for all λ(·) ∈M00. Now consider the system

x(k + 1) = Ax(k) +Bu(k) +Dw(k)
z(k) = Hx(k) +Gu(k) (33)

whereD,H, andG are defined as in (13) andw(·) = [
√
τ1ξ1(·)′, ...,√τrξr(·)′]′. Since we

have established in Claim 2 thatτi > 0, this system is well defined.
For this system with zero initial condition, we letw(·) be the disturbance input and letz(·)

be the controlled output. Using these definitions, it follows that the functionalFτ defined
in (28) can be rewritten as

Fτ (x(·), u(·), ξ(·)) = ‖z(·)‖22 − ‖w(·)‖22.

However, since the matricesQ andR are positive-definite, it follows from (32) that

J = sup
x(0)=0,w(·)∈l2+

‖z(·)‖22
‖w(·)‖22

< 1. (34)

That is, the controller (5) solves a standardH∞ control problem defined by the system
(33) and theH∞ condition (34). Therefore, Theorem 3.8 of [18] implies that the Riccati
equation (11) has a positive definite solution which satisfies (12). This completes the proof
of the claim.
Claim 4: Let P > 0 be the minimal positive-definite solution to the Riccati equation (11)
which satisfies (12), then the functionalFτ defined in (28) satisfies the inequality
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sup
λ(·)∈M0

Fτ (λ(·)) ≥ x′0Px0. (35)

To establish this claim, we consider a differential game defined by the system

x(k + 1) = Ax(k) +Bu(k) +Dw(k), x(0) = x0 (36)

and the corresponding cost function:

L(u(·), w(·)) =
∞∑
k=0

(‖z(k)‖2 − ‖w(k)‖2)

where

z(k) = Hx(k) +Gu(k)

with D, H, andG defined as in (13). With these definitions, the system (19) may be
rewritten as (1) withw(·) = [

√
τ1ξ1(·)′, ...,√τrξr(·)′]′. Similarly with this substitution,

the functionalL(u(·), w(·)) is equal to the functionalFτ (x(·), u(·), z(·), ξ(·)) defined in
(28).

Now, according to Theorem 3.7 and Section 3.5.1 of [18],

sup
w(·)∈l2+

L(u(·), w(·)) ≥ x′0Px0

whereu(·) is defined by (5). Therefore,

sup
ξ(·)∈l2+

Fτ (x(·), u(·), z(·), ξ(·)) ≥ x′0Px0

This means that inequality (36) is satisfied which completes the proof of the claim.
Having established the above claims, we are now in a position to prove the lemma. Claim

3 implies that there exist a solutionP > 0 to Riccati equation (11) which satisfies (12), and
hence,[τ1, τ2, ..., τr] ∈ Γ. Also, Claim 4 implies that

sup
λ(·)∈M0

Fτ (λ(·)) ≥ x′0Px0.

Now, using (29), and (30) we have

c1 −
r∑
i=1

x′0Mix0 − δ ≥ sup
λ(·)∈M0

F δτ (λ(·))

≥ sup
λ(·)∈M0

Fτ (λ(·))

≥ x′0Px0.

Therefore,



              

18 S.O.R. MOHEIMANI, A.V. SAVKIN AND I.R. PETERSEN

x′0Px0 +
r∑
i=1

τix
′
0Mix0 ≤ c1 − δ

which verifies the inequality (25). Hence, the proof of the first part of the lemma is complete.
(ii)⇒ (i) This statement follows from Theorem 1.

The following theorem follows directly from Lemma 2. It shows that Theorem 1 can be
used to construct a controller which approaches the minimax optimum.

Theorem 2 Consider the uncertain system (1), (3) with cost function (2), and suppose
thatD1 6= 0, ..., Dr 6= 0. Then:

(i). Given a non-zero initial conditionx(0) ∈ Rn, the uncertain system (1), (3) will be
guaranteed cost stabilizable with initial conditionx(0) = x0 if and only if the setΓ is
not empty.

(ii). Suppose the setΓ is not empty and letΩ be the set of all admissible uncertainties for
the uncertain system (1), (3) as defined in Definition 1. Also, for any initial condition
x0 6= 0, let Θ denote the set of all guaranteed cost controllers of the form (5) for the
uncertain system with this initial condition. Then

inf
u(·)∈Θ

sup
ξ(·)∈Ω

F0 = inf
τ∈Γ

{
x′0Px0 +

r∑
i=1

τix
′
0Mix0

}
. (37)

Remarks In the above theorem, there is no guarantee that a minimax optimal controller
will exist. In fact, there may arise singular problems in which the minimax optimum cannot
be achieved but rather is only approached in the limit as one takes controllers of higher and
higher gain.

As mentioned before, the controller obtained by application of Theorems 1 and 2 will be
the minimax optimal controller for a specific value of the initial conditionx(0) = x0. The
tracking problem considered in [12] is an example in which the requirement of a known
initial condition arises naturally. However, in many applications, the initial conditions
will be unknown. In [5], two approaches to this problem are considered. In the first
approach, the initial condition is assumed to be a random variable with unity covariance
and the controller is designed to minimize the maximum value of the expectation of the
cost function. Referring to equation (37) in Theorem 2, the optimum value of the parameter
τ ∈ Γ would be obtained by performing the optimization

inf
τ∈Γ

{
tr[P +

r∑
i=1

τiDi]

}
.

In [5] it was shown that this leads to a controller which is an optimalquadratic guaranteed
costcontroller. However, there is no guarantee that this will lead to a minimax optimal
controller.
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In the second approach, the initial condition is assumed to be unknown but to lie within
the unit ball. In this case the controller is designed to minimize the worst case of the cost
function. Referring to equation (37) in Theorem 2, the optimum value of the parameter
τ ∈ Γ would be obtained by performing the optimization

inf
τ∈Γ

{
λmax[P +

r∑
i=1

τiDi]

}

whereλmax denotes the operation of taking the maximum eigenvalue. Again, in [5] it
was shown that this leads to a controller which is an optimalquadratic guaranteed cost
controller. However, there is no guarantee that this will lead to a minimax optimal controller.
The closed loop system, however, will be absolutely stable.

5. More General Cost Functions

Consider the problem of designing a guaranteed cost controller for the uncertain system
(1), (3) and a cost function which includes cross product terms of control and states, i.e.;

F00 =
∞∑
k=0

{x(k)′Qx(k) + 2u(k)′Sx(k) + u(k)′Ru(k)} (38)

Now, using the linear transformation

u(k)→ ū(k) = u(k) +R−1Sx(k)

we can rewrite (38) as

F00 =
∞∑
k=0

{x(k)′Q̄x(k) + ū(k)′Rū(k)} (39)

where

Q̄ = Q− S′R−1S.

Now, the system (1) becomes

x(k + 1) = Āx(k) +Bū(k) +
r∑
i=1

Diξi(k)

z1(k) = H̄1x(k) +G1ū(k)
z2(k) = H̄2x(k) +G2ū(k)

...

zr(k) = H̄rx(k) +Grū(k) (40)
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where

Ā = A−BR−1S;
H̄i = Hi −GiR−1S ∀i = 1, 2, ..., r.

The uncertainty in this system will be described by (3), withu(·) replaced byū(·) −
R−1Sx(·).

Hence, whenever̄Q > 0, this problem is not different from the one solved previously, and
Theorems 1, and 2 equally apply here, withA, andQ replaced byĀ, andQ̄ respectively.

6. Illustrative Example

In this section, we present an example to illustrate the results of the previous sections. The
uncertain plant is described by

x(k + 1) = Ax(k) +Bu(k) +D1ξ1(k) +D2ξ2(k)
z1(k) = H1x(k)
z2(k) = H2x(k)
y(k) = Cx(k)

where

A =


0.9964 0.0026 −0.0004 −0.0460
0.0045 0.9038 −0.0188 −0.3834
0.0097 0.0263 0.9379 0.1223
0.0005 0.0014 0.0968 1.0063



B =


0.0444 0.0167
0.2932 −0.7252
−0.5298 0.4726
−0.0268 0.0241



D′1 =
[

0 −0.0001 0.0212 0.0011
]

D′2 =
[

0 −0.0008 0.1164 0.0059
]

H1 =
[

0 1 0 0
]

H2 =
[

0 0 0 1
]
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Figure 1.x′0(P + τ1D1 + τ2D2)x0 versus the parametersτ1, andτ2.

C =
[

1 0 0 0
]

This is a discretized model of the dynamics of a helicopter flying in the vertical plane
[21]. Here,x1 is the horizontal velocity,x2 is the vertical velocity,x3 is the pitch rate,x4

is the pitch angle,u1 is the collective pitch control, andu2 is the longitudinal cyclic pitch
control.

We assume that the regulator is to be designed for unit step changes in the horizontal
velocity. To use the results of previous sections, we takeM1 = M2 = 0.1I4×4,Q = I4×4,
andR = I2×2, with the initial conditionx0 = [1 0 0 0]′. The matricesM1 andM2 are
chosen to be small since they can be regarded as bounding the initial conditions on the
uncertainty dynamics. Hence, in this example, we are assuming that these initial conditions
are small. The matricesM1 andM2 are also required to be positive definite.

The values of the cost function versusτ1, andτ2 are plotted in Figure 1. It is found
that the minimum value of the cost is achieved forτ1 = 0.44, andτ2 = 0.68 and it is
Jmin = 27.8320. The corresponding solution to the Riccati equation is

P =


27.7200 1.7632 1.3385 −11.1708
1.7632 3.4188 1.6633 −0.2429
1.3385 1.6633 3.6027 2.1069
−11.1708 −0.2429 2.1069 24.0874

 > 0

and the guaranteed cost controller is
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Figure 2. Poles of the closed loop system for different values of uncertainty.

K =
[
−0.6764 0.2479 0.8454 1.1585
−0.0607 0.6693 −0.0131 −0.5310

]
.

A plot of the closed loop poles position for different values of uncertainty is plotted in
Figure 2 and the output of the system with initial conditionx0 = [1 0 0 0]′ versus time can
be observed in Figure 3.
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